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£-INVARIANTS, PARTIALLY DE RHAM FAMILIES, AND LOCAL-GLOBAL 

COMPATIBILITY 

YIWEN DING 


Abstract. Let Fp be a finite extension of Qp. By considering partially de Rham families, we estab¬ 
lish a Colmez-Greenberg-Stevens formula (on Fontaine-Mazur /^-invariants) for (general) 2-dimensional 
semi-stable non-crystalline Gal(Qp/F^)-representations. As an application, we prove local-global com¬ 
patibility results for completed cohomology of quaternion Shimura curves, and in particular the equality 
of Fontaine-Mazur /^-invariants and Breuil’s ^-invariants, in critical case. 
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Introduction 

Let E be a totally real number field, B a quaternion algebra of center F such that there exists only 
one real place of F where B is split. One can associate to R a system of quaternion Shimura curves 
{Mk}k, proper and smooth over F, indexed by compact open subgroups K of {B Oq A“)^. We fix 
a prime number p, and suppose that there exists only one place p of E above p, let Ep be the set of 
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embeddings of Fp in Qp. Suppose B is split at p, i.e. {B (g)Q Qp)^ = GL 2 {Fp) (where Fp denotes the 
completion of F at p). Let F be a finite extension of Qp sufficiently large containing all the embeddings 
of Fp in Qp, with Oe its ring of integers and vue St uniformizer oi Oe- 

Let p be a 2-dimensional continuous representation of Galp := Gal(F/F) over F such that p appears 
in the etale cohomology of Mk for K sufficiently small (so p is associated to certain Hilbert eigenforms). 
By Emerton’s completed cohomology theory [26], one can associate to p a unitary admissible Banach 
representation n(p) of GL 2 (Fp) as follows: put 

H^{KP,E) ■= ^mlin^ H}^ {MkpK'^ Xp F,Oe/w'%)^ ®Oe E 

n 

where Rp denotes the component of K outside p, and K'^ runs over open compact subgroups of GL 2 (Fp). 
This is an F-Banach space equipped with a continuous action of GL 2 (Fp) x Gal^ xHP, where RP denotes 
certain commutative Hecke algebra outside p over F. Put 

n(p) := {p,H^{KP,E)). 

This is an admissible unitary Banach representation of GL 2 (Fp) over F, which plays an important role 
in p-adic Langlands program [10]. In [24], it’s proved that if the local Galois representation pp := 
pjcaipj, (where Galj’p := Gal(Fp/Fp)) is semi-stable non-crystalline and non-critical, then one could 
find the Fontaine-Mazur F-invariants of pp (which are invisible in classical local Langlands 

correspondence) in n(p), generalizing some of Breuil’s results in [9]. 

However, when Fp is different from Qp, a new phenomenon is that there exist 2-dimensional semi-stable 
non-crystalline Gal^p-representations which are critical (or more precisely, critical for some embeddings 
in Ep). We consider this case in this paper. Denote by Sc{pp) (resp. Sn{pp)) the set of embeddings where 
Pp is critical (resp. non-critical), one can associate to pp the Fontaine-Mazur F-invariants F^- but only 
for embeddings a in Sn{Pp)- In this paper, we prove these F-invariants can be found in n(p), meanwhile, 
we prove a partial result on Breuil’s locally analytic socle conjecture [13] for embeddings in Sc{pp)- 

One important ingredient in [24] is Zhang’s generalization [44, Thm.1.1] of Golmez-Greenberg-Stevens 
formula [22] (on F-invariants) in Fp-case. But the results in [44] are only for non-critical case. The 
following theorem generalizes such a formula in general case, which is of interest in its own right. 

Theorem 0.1 (cf. Cor. 2. 3). Let A he an afftnoid E-algebra, V be a locally free A-module of rank 2 
equipped with a continuous A-linear action ofGalpg,, let z be an E-point of A, suppose 

(1) V is trianguline with a triangulation given by 

0 ^ UAiSi) Frig(F) ^ nA{52) 0, 

where 6i are continuous characters of Galpp in A^, 

(2) Vz := z*V is semi-stable non-crystalline with £„ € E for a G SniYz) the associated Fontaine- 
Mazur C-invariants (cf. %1.3, where Sn{Vz) denotes the set of embeddings where 14 is non- 
critical), 

(3) V is Sc{Vz)-de Rham (cf. ^2, where 5'c(I4) = Tip \ Sn{Vz)); 
then the differential form 

dlog ((5i(5^^(p)) -b ^ Ccrd{wt{Si6f^)cr) € 
o-eS„(t4) 

vanishes at the point z. 

Such formula was firstly established by Greenberg-Stevens [30, Thm.3.14] in the case of 2-dimensional 
ordinary Gq^- representations by Galois cohomology computations. In [22], Colmez generalized [30, 
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Thm.3.14] to 2-dimensional trianguline Gq^- representations case by Galois cohomology computations 
and computations in Fontaine’s rings. The theorem 0.1 in non-critical case (i.e. Sc{Vz) = 0 ) was ob¬ 
tained by Zhang in [44], by generalizing Colmez’s method. In [37], Pottharst generalized [30, Thm.3.14] 
to rank 2 triangulable (</?, P)-modules (in Qp case) by studying cohomology of (</?, r)-modules. 

The hypothesis (3) in Thm.0.1 is new but crucial. In fact, the statement does not hold (in general) if 
the condition (3) is replaced by (only) fixing the Hodge-Tate weights for a G Sc{Vz) (namely, replacing 
the S'c(14)-de Rham family by S'c(V 2 )-Hodge-Tate family). Partially de Rham families appear naturally 
in the study of p-adic automorphic forms, e.g. one encounters such families when studying locally analytic 
vectors in completed cohomology of Shimura curves (e.g. see Prop. 4. 15), or certain families of overcon- 
vergent Hilbert modular forms (e.g. see App.A, in particular Conj.A.9). Note Thm.0.1 also applies for 
families of Fp-analytic Galfp-representations (cf. [6], which in fact can be viewed as special cases of 
partially de Rham families). Indeed, this theorem also includes the case of parallel Hodge-Tate weights 
for some embeddings (and such embeddings would be contained in 50(14)) ■ 

Return to the global setting before Thm.0.1, and suppose moreover p is absolutely irreducible modulo 
WE, and pp is of Hodge-Tate weights := ^ )crgSp, with w G 2Z, G 2Z>i (where 

we use the convention that the Hodge-Tate weight of the cyclotomic character is —1). Since pp is 
semi-stable non-crystalline, there exists a G , such that the eigenvalues of (where do is the 
degree of the maximal unramified extension in Fp over Qp) on Dst{pp) are given by {a,p'^°a}. Put 

alg(/i 2 p) ■= GcteEj, ( Sym^"^”^ A^^Bdet ^ )‘^^ which is an algebraic representation of Res^p/Qp GL 2 

over E, and 

St(a, h^p) •= unr(a) o det (8 >b St (8 >b alg(h 2 p)i 

which is in fact the locally algebraic representation of GL 2 {Fp) associated to pp via classical local 
Langlands correspondence, where unr(a) denotes the unramified character of F^ sending uniformiz- 
ers to a, and St denotes the usual smooth Steinberg representation of GL 2 (F’p). Moreover it’s known 
St(Q;, hgp) ^ n(p)- By Schraen’s results ([41]) on Breuil’s G-invariants, one can associate to pp a locally 
Qp-analytic representation I](q;, Gs^(p^)) of GL 2 (F’p) over E (cf. §3, as suggested by the notation, 

this representation is determined by a, and Csn{pp))^ whose socle is exactly St{a,hY,^)- 

Theorem 0.2 (cf. Thm.4.23 (2), Cor. 4. 24). Keep the above notation, E{a, h-^^, Cs,,{p^)) a subrepre¬ 
sentation o/n(p)Qp_a„. Moreover, S(a, £ 5 ^(p^)) n(p)Qp_an if and only if C!s„(p^) =£s„(pp)- 


This theorem shows the equality of Fontaine-Mazur £-invariants and Breuil’s £-invariants. As in [24], 
we use p-adic family arguments on both Galois side and GL 2 [Fp) side. The main objects are eigenvarieties, 
where live the locally analytic r(i4>)-representations and GalB-representations. On one hand, we use the 
global triangulation theory to relate the GaQp-representations and r(F’p)-representations; on the other 
hand, the locally analytic r(F’p)-representations and locally analytic GL 2 (F’p)-representations are linked 
by the theory of Jacquet-Emerton functor ([27], [28]). Roughly speaking, we get a picture as follows: 


Trianguline I 

Galp^-representations | 


Triangulation 


Locally analytic '] 
T(i^g,)-representations > 
(Eigenvarieties) J 


Jacquet-Emerton functor 


Adjunction formula 


Locally analytic 1 
GL2(Eg3)-representations [ 


All these relations are in family. The global triangulation theory and Thm.0.1 allow one to find the £- 
invariants in the related r(F’p)-representations. Via the second arrow, one can thus find the £-invariants 
on GL 2 -side. A key fact is that the family of Galois representations associated to locally r-analytic vectors 
of H^{KP,E) is Ep \ {rj-de Rham (cf. Prop. 4. 14), which ensures Thm.0.1 to apply (this observation, 
together with Schraen’s results [41] on Breuil’s £-invariants, in fact leads to the discovery of the hypothesis 
(3) in Thm.0.1). 


For the critical embeddings, using global triangulation theory and Bergdall’s method, we prove some 
results on Breuil’s locally analytic socle conjecture ([13]). Namely, for each a G Sc{pp), one can associate a 
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locally Qp-analytic representation ) of Gh 2 {Fp) (see §3), which can be viewed as a a-companion 

representation of St(Q;, 

Theorem 0.3 (cf. Thm.4.23 (1)). Keep the notation as in Thm.0.2, is a subrepresentation 

o/n(p) if and only if a & S'c(Pp)- 

Thus from n(p), we can read out Sc{pp) by Thm.0.3, and then Cs„{pp) by Thm.0.2. Since Pp is 
determined by {a, Sn{pp), Csr,ip^)}> 

Corollary 0.4. The local Galois representation pp is determined by n(p). 

We refer the body of the text for more detailed and more precise statements. 

In §1, we recall (and define) the Fontaine-Mazur £-invariants in terms of B-pairs, and develop some 
partially de Rham Galois cohomology theory for B-pairs. We prove Thm.0.1 in §2. In §3, we recall 
Schraen’s theory on Breuil’s £-invariants of locally Qp-analytic representations of GL 2 (F'p). These three 
sections are purely local. In the last section, we prove Thm.0.2 and Thm.0.3. In Appx.A, we study some 
partially de Rham trianguline representations. 
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de Rham Galois representations, and thank Yuancao Zhang for pointing to me the formula in [44] does 
not hold in general in critical case. Part of this work was written when the author was visiting Beijing 
international center for mathematical research. I would like to thank Ruochuan Liu and B.I.G.M.R. for 
their hospitality. This work is partially supported by EPSRC grant EP/L025485/1. 

1. Fontaine-Mazur £-invariants 

In this section, we recall (and define) Fontaine-Mazur £-invariants for 2-dimensional B-pairs (see 
Def.1.20 below). Let Fp be a hnite extension of Qp of degree d with Op the ring of integers and tu a 
uniformizer, Ep := {a : Fp ^ Qp}, '■= Gal(Qp/Fp). We fix an embedding l : Fp ^ (and 

hence embeddings l : Fp ^ Cp, and view BdR, Cp as Bp-algebra via t. Let B be a finite 

extension of Qp sufficiently large containing all the embeddings of Fp in Qp. For an Bp-algebra R and 
a g Ep, put Ra ■= RGiFp,a E (e.g. we get B-algebras BdR,cr, Cp,cr); for an B-module M, put 

M„-=M®rR^. 


I.l. Preliminaries on B-pairs. Let B^ := BF^^ recall 

Definition 1.1 (cf. [5, §2]). (1) A B-pair of is a couple W = {We,W^^) where We is a finite free 

Be-module equipped with a semi-linear continuous action afGalp^, and is a Galp^-stable B^^-lattice 
ofWdR '■= We ^dR- Let r g Z>q, we say that W is (a B-pair) of rank r if Wse bPe = t. 

(2) Let W, W' be two B-pairs, a morphism f :W ^ W' is defined to be a Be-linear Galp^-invariant 
map fe : We W) such that the induced B^R-linear map /dR := /e (8) id : WdR —>■ Wdj^ sends IF^ to 
(b^OdR- Moreover, we say that f is strict if the B^^-module (lF'))}j^//j}]^(W)j}^) is torsion free, where 

/dR ■= 

By [5, Thm. 2.2.7], there exists an equivalence of categories between the category of B-pairs and that 
of ((/3, F)-modules over the Robba ring Bt^ (e.g. see [5, §1.1]). 

Let A be a local artinian B-algebra with residue field E. 


4 


Definition 1.2 (cf. [35, Def.2.11, Lem.2.12]). (1) An A-B-pair is a B-pair W = such that 

We is a finite free Be A-module, and is a Galp^-stable finite free A-submodule of 

WdR := We Bdn, which generates WdR. We say W is (an A-B-pair) of rank r i/rkse^QpA We = r. 

(2) Let W, W' be two A-B-pairs, a morphism f :W ^ W' is defined to be a morphism of B-pairs 
such that fe : We —>■ W) (cf. Def.1.1 (2)) is moreover Be <S>Qp A-linear. 


As in [34, Thm.1.36], one can deduce from [5, Thm.2.2.7] an equivalence of categories between the 
category of A-i?-pairs and that of ((/3, r)-modules free over TZa ■= ^rigFp®Qp^- 


Let W be an A-S-pair of rank r. By using the isomorphism 


( 1 ) 


FpGtQpA^ n aGb^ {a{a)b)^^^^, 

o-eEp 


one gets B^^^ 
and DdR{W) := W^ 

(according to (1)) DdniW) ^ Ha 


GalFp 

dR 


5(TeEp-SdR,o- 




,^dR,(T where + G {0, +}. Put De{W) := We 


Galpg, 


The last one is thus a finite Fa 


es, 


^ A-module, and admits a decomposition 
DdR{W)a. For cr G Ep, one has in fact DdR{W)a = 


Definition 1.3. Keep the above notation, let a G Ep, W is called a-de Rham if DdR(lF)cr is a free 
A-module of rank r; for S C E^, W is called S-de Rham if W is a-de Rham for all a € S (thus W is de 
Rham if W is Ep-de Rham). 


Remark 1.4. Let W be an A-B-pair, for a G Ep, W is a-de Rham if and only if W is a-de Rham 
as an E-B-pair. The “only if” part is trivial. Suppose W is a-de Rham as an E-B-pair, denote by 
TTipi the maximal ideal of A, and dA '= dims A, thus dims L)dR(VF)cr = rdA. Consider the exact se¬ 
quence 0 xnADdR{W)a L>dRiW)a- L)dR{W/xn a) a, we deduce the last map is surjective and 

d\va.E DdR{W/mA)a = r by dimension calculation (since dim^ Tn.yiIldR(lF)cr = dim^ ZldR(mAkF)cr < 
{dA — l)r), from which we deduce DdR{W),j is a free A-module. 

Definition 1.5. An A-B-pair W of rank r is called triangulable if it’s an successive extension of A-B- 
pairs of rank 1 , i.e. W admits an increasing filtration of sub-A-B-pairs Wi for 0 < i < r such that 
Wo = 0, Wr = W, and WijWi-x is an A-B-pair of rank 1. 


Denote by Ba ■= (Re ®Qp A, (g)Qp A) the trivial A-R-pair. Let y be a continuous character of in 
A^, following [35, §2.1.2], one can associate to x A-R-pair of rank 1, denoted by Ba{x) (and we refer to 
loc. cit. for details). By [35, Prop.2.16], all the rank 1 A-R-pairs can be obtained in this way: let W be an 
A-R-pair of rank 1, then there exists a unique continuous character x ■ Fp such that W Cf Ba(x)- 

For a continuous representation V of GalFp over A, denote by W{V) := (Rg ®Qp RdR ®Qp V) the 
associated A-R-pair. The GalFp-representation V is called trianguline if W{V) is triangulable. 


1.2. Cohomology of R-pairs. Recall the cohomology of R-R-pairs (note that A-R-pairs can also be 
viewed as R-R-pairs). Let W = {We,W()^) be an R-R-pair, following [34, §2.1], consider the following 
complex (of GalFp-modules) 

C'{W) := w, © w+^ 

Put R*(GalFp, W) := R*(GalFp, C*{W)) (cf. [34, Def.2.1]). By definition, one has a long exact sequence 

(2) 0 ^ R°(GalFp, LF) ^ R°(GalFp, IFe) © R°(GalFp, VFdR) ^ R°(GalFp, VFdR) 

^ Ri(GalFp, VF) ^ Ri(GalFp, LFe) © (GalFp, IF+r) ^ (GalFp, IPdR). 
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For an E-B-pedi W, denote by the dual of W: 

:= {w^ := -Be (g)Qp E), := Bj"^ ®Qp E'^ 

where W'^, (^'^)dR are equipped with a natural GalFp-action. One can check W'' is also an E-B-paii. 

Remark 1 . 6 . As in [34, Def.1.9 (3)], one can also consider the dual W of W as B-pair with W^, := 
Homse(bFe,Be) and (VFOdR ■= Hom^-F (bFdRj-^dR) (^Quipped with a natural Galp^-action). Moreover, 
W^,, (kFOdR can- be equipped with a natural E-action: (a • f){v) := f{av). One can check this action 
realizes W as an E-B-pair. Moreover, the trace map tr^/Q^ : E —>• Qp, induces bijections Wf ^ 
and (^OdR- / tre/Q and these bijections give an isomorphism W'^ —> W as 

E-B-pairs. 

Denote by W{\) the twist of W by VF(xcyc) where Xcyc is the cyclotomic character of Gal^p (base 
change to B): 

^(1) ■= (^(l)e := bFe G_Be®<3p-E bF(Xcyc)e, ^^(l)dR := ®-BdR®Qp-E ^(Xcyc)dR^ ■ 

By [34, §2] and [35, §5], one has 

Proposition 1.7. fJj iJ*(GalFg,, bF) = 0ifi^ {0,1,2}, and 1)* dim^; iJ®(GalFp, bF) = —d(rkbF). 

(2) There exists a natural isomorphism id^(GalFp, bF) ^ Ext^(B£;, bF), where Ext^(B£;,bF) denotes 
the group of extensions of E-B-pairs of Be by W. 

(3) Let V be a finite dimensional continuous GalF^,-representation over E, then we have natural iso¬ 
morphisms B*(GalFp,bF(E)) = B®(GalFj,,E) for all i € Z>o. 

(4) The cup-product (see [35, §5] for details) 

(3) U : B*(GalFp,bF) x H^-\GalF^,W''{!)) H^Galp^, Be{ 1)) = (Galp,, Xcyc) = E 
is a perfect pairing for i = 0,1,2. 

Remark 1.8. (1) In fact, in [35, §5], it’s shown thatthe cup-product H’'{Ga\F^,W)xH‘^~’‘{Ga\.Fp,W {!)) —>■ 
B^(GalF^, Qp(l)) = Qp is a perfect pairing (see Rem. 1.6 for W). By discussions in Rem. 1.6, identifying 
bF'^ and bF', this pairing then is equal to the composition of (3) with the trace map tr^/Q , from which 
one deduces (3) is also perfect. 

(2) Let bF be an E-B-pair, for an exact sequence of E-B-pairs 

0 —^ bFi — >W2 —^ bFa —^ 0, 
one has the following commutative diagram 

B*(GalF^,bF3) xW{Ga\F^,W) R*+J(GalF^, IF3 G bF) 



R*+i(GalF^,bFi)xidJ(GalFp,bF) —^ R*+l+i(GalFp, bFi G bF) 

where the S’s denote the connecting maps, U the cup-products, and Wi 0 bF is the E-B-pair given by 
(bFj 0 bF)e := (bFi)e 0Be®Qp-E bFe, (bFj 0 bF))}j^ := (bFOdR ®-B+^(8)Qp£; ^dR- 

(3) If W is moreover an A-B-pair, by the same argument as in [34, §2.1], one can show there exists 
a natural isomorphism H^{GalF^,W) —> Ext^(Bd,bF) as A-modules, where Ext^(Byi,bF) denotes the 
group of extensions of A-B-pairs of Ba by bF. 


6 







Put (cf. [34, Def.2.4]) 

iJi(Gal^^, VF) := Ker[i7i(Galf^, VF) ^ i?i(Gal;^^, VFdR)], 

Hl{GalF^,W) := Ker[iJi(Galj.^, VF) ^ iJi(GalR^, FFe)], 

where the above maps are induced from the natural maps C*(W) —>■ [VFe ^ 0] —>■ [VFdR —)> 0]. 
Note that by (2), the map iJ^(GalFg,, hF) ^ i/^(Gali?^, WdR) factors through (up to ±1) the natu¬ 
ral map H^{GalF^,W) i/^(Gal_Fp, fF^). If bF is a de Rham ^-R-pair, let [X] G iJ^(Gal_F^, IF) = 
Ext^(_B^, IF), then X is de Rham if and only if [X] G iJg(GalR^, IF). Moreover, in this case, by 
[34, Lem.2.6], the natural map 7L^(GalFp, IFj)!^) —5> iL^(Gali7’p, Wdu) is injective, thus (GuIr^, IF) = 
Ker[iL^(Gali7’p, IF) —>■ iL^(GalR^, IF^j'j^)]. One has as in [34, Prop.2.10] 

Proposition 1.9. Suppose W is de Rham, the perfect pairing (3) induces an isomorphism 

ffi(GalR^,IF) ^ iJi(GalF^,IF'^(l))^. 


For J C Ep, J 0, put 


iJg\d(Gal;.^,FF) :=Ker[iLi(Gal^.^,IF) 




jiJ^(Gali 7 ’p, IFdR,cr)], 


Thus ili,s,(GalF„VF) = 


where the map is induced by C*{W) [IFdR —>■ 0] —?► [©agjIFdR.cr —i” 0]. 
ili(GalF^,IF), iLg\d(GalF^,IF) ^ n<,ejiJg\,(GalF^, IF), and iJ^(Galp^, IF) ^ ©.gjili(GalF^, IFdR,.) 
factors through (up to ±1) the natural map H^{GdXFp^W) —>■ ©.ejLI^(GalFp, ^) (see the discus¬ 
sion above Prop. 1.9). Moreover, suppose IF is a J-de Rham A-R-pair, for [X] G 7L^(GalFp, IF) = 
Ext^(RA, IF), X is J-de Rham if and only if [X] G j{G&\fp,W). By the same argument as in [34, 
Lem.2.6], one has 


Lemma 1.10. Let J C Sp, J 7 ^ 0, suppose W is J-de Rham, then the map ©.ejiLi(Gal^.^,IF+, J ^ 
©.gjiL^(GalFp, IFdR,.) is injective. 


Thus if IF is J-de Rham, then one has 

(4) 7Li,d(GalFp,IF) - Ker[7Li(GalFp, IF) ^ ®.eji^'(GalF^, IF+,_ J]. 

Lemma 1.11. Let J C Sp, J 7 ^ 0, suppose W is J-de Rham, if H°{GalFp,Wjl^^) = 0 for all a G J, 
then iLg\d(GalFp, IF) ^ iLi(GalFp, IF). 


Proof. It’s sufficient to prove Hg,^{GalF^,W) ^ H^{Gsl\f^,W) for all cr G J. Since IF is cr-de Rham 
and J^^°(GalFp, IF^ ^) = 0, we see IF^^ = ©igz>i(FBdR .)"’ where = 0 for all but finite many i. 
However, for i G Z>i, iL^(GalFp, ^) = 0, thus Jl^(GalFp, ^) = 0, from which (and (4)) the 
lemma follows. □ 

For an E-H-pair IF, 6 : , put IF(d) := IF © Be{6) (see Rem. 1.8 (2) for tensor products of 

E-H-pairs, and §1.1 for Be{S)). If there exist fc. G Z for all a G Ep such that S = H.gEp then by 
[34, Lem.2.12], one has natural isomorphisms 

(5) M^(<5)e = IF(d)+j, - ©.gEpM^(<5)^R,. = ©.CEpt^'-W^dR,.- 

Thus if fc. G Z>o for all a G Ep, one gets a natural morphism 

(6) ) : Wid) —^ IF 

with je = id and the natural injection ©.eEp^'^'^IF^^^ ®<^eSpIFj^^^. 
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Let J C Ep, J 7 ^ 0, VL be a J-de Rham iS-R-pair, let £ Z>o, such that bhdR = 0 

for cr £ J (thus — ®iGZ>i ^)®"* with m = 0 for all but finite many i for tr £ j), let 

5 := rio-ej'^^'^' morphism (6) induces an exact sequence of Gal-complexes 

0 ^ [W{S)e © W^(<5)dR W^('^)dR] [We © W^dR W^dR] -> [©ctG J() -J> 0]. 

Taking GalF^-cohomology, one gets 

0 ^ H°{GalF^,W{S)) ^ 7J°(Gal^^, IT) ^ 

—>■ H^^Galp^, W{5)) —;• H^{G‘a\f^, W) (Sa-GjH^{GA\F^, 

By our assumption on k^, H°{Ga\F^,W{6)) = 0 and -ff*(Gal_F^, ©£ H\GalF^,W^^ for 

i = 0,1, from which and Lem. 1.10 (and the discussion above it), one gets 

(7) 0 —>■ i7°(GalFp, W) (Ba-ejH^{GalFpj ^dR.o-) H^(Ga\F^, W{S)) H^ j^GalF^, W) —?> 0, 

which would be useful to calculate j{Ga\Fp,W). At last, note that a morphism of A-B-pairs 
VFi —>■ IL 2 induces a map i7^(GalFj,, ILi) —>■ i7^(GalF^, IL 2 ) which restricts to maps i7.^(GalF^, VFi) —>• 
^^KGalF^,lT 2 ) with * £ {e,g, {g, J}}. 


1.3. Fontaine-Mazur £-invariants. Let y be a continuous character of in , y is called special 
if there exist fc^r £ Z for all cr £ such that y = unr((7“^) = Xcyc IlcrGEp where 

unr(z) denotes the unramified character of sending uniformizers to z. In this section, we associate to 
[A] £ iJg (Gal^p, ^^(y)) the so-called Fontaine-Mazur C-invariants for special characters y. 

Let y = Xcyc^,TGSp^''‘'■^ by [34, Lem.2.12], BE{x)e = {Be ®Qp E)t, SF(y)+^ ^ B+^,a- 

Put 77 := thus Be{ti) = SF(y)^(l), BE{v)e = BeGa^E and BE{v)dR - ©'^eSpi^"''"S+^,„- 

Put 

/gx [ Scix) ■■= {cr £ Ep I £ Z<o}, 

|S'„(y) := {cr £ Ep I fccr £ Z>i}, 

thus Be{x) is non-Sn{x)~c-'!’itical (cf. Def.A.2 below). By [34, Prop.2.15, Lem.4.2 and Lem.4.3], one has 
Lemma 1.12. Keep the above notation. 

(1) If Scix) = then we have dim^ i7°(GalFp, Sf(7?)) = 1, dims i7^(GalFp, ^^(y)) = 1, and 
diniE H^{GalF^,BE{x)) = diniE H^{GalF^, Be{p)) = d+1; if Sdx) d thenddmE H'-{Ga\F^,BE{x)) = 
dims i7*(GalFp, 5^(77)) = Q for i = Q, 2, and diniE H^{GalF^, Be{x)) = dims iLi(GalFp, 5^(77)) = d 
(= [Fp : Qd). 

(2) diniE HfiGalF^, BEix)) = c?-|5'c(y)|, and dim^ Fg(GalFp, ^^(y)) = d+l-|S'c(y)|. If Sdx) =^, 
diniE HfiGalF^, Be iv)) = 0; if Sdx) 7^ 0, diuiF i7i(GalFp, ^^(77)) = |S'c(y)| - 1. 

Suppose first S'c(y) = 0 (thus 77^(GalFp, BF(y)) ©7 77^(GalFp, BF(y))), we would use the cup- 
product 

(9) (•,•) : i7i(GalFp,FF(x)) x ^^(GalFp,F f) ^ ^^(GalFp,F f(x)) = E 

to define £-invariants for elements in 77^(GalFp, Be{x))- 
Lemma 1.13. The cup-product (9) is a perfect pairing. 


Proof. The natural morphism j ; Be{x) Be{B) (cf. (6)) induces an exact sequence of Gal-complexes 

(10) 0 ^ [BE{x)e © BE{x)tK ^ Be{xW] [BE{l)e © Sij(l)jR ^ Sij(l)dR] 

^ ^ 0] ^ 0. 


Since i?*( Gali^’p, = Oforanyi G Z>o, we see) induces isomorphisms//^“(Gal^p, B£;(x)) 

i?*(Gal_F , i3_E(l)) for i £ Z>o Moreover, the following diagram commutes 


i/1 (Galj^p, Be (x)) xi/^ (Gal^^, Be) 


iJ2(Gal. ,i?B(x)) 


II^(GalE,,BE(l)) 


ff^(GalE^,BE(l))xff^(GalE^,BE) - 
Since the cup-product below is perfect by Prop. 1.7(4), so is the above one. 


□ 


Recall that H^(GalE^, Be) = ff^(GalEg,, B) = Hom(Gal^’p, if), where the last denotes the if-vector 
space of continuous additive characters of Gal^p in E. Before going any further, we recall some facts on 
additive characters of Gal^p. 


1.3.1. A digression: additive characters ofGalF^- Let Wp^ denote the Weil group of Fp. We fix a local 
Artin map Art^^^ : ©V sending uniformizers to geometric Frobenius. One has thus 

(11) H\Ga\F^,BE) ^ H\GalF^,E) ^ Bom{GalF^,E) ^ Hom(Gal?.^,FI) 

^ Hom(W|;'", F;) Hom(F’„^, E) 

P rvj o 

where the fourth isomorphism follows from the fact that any character of Z in if gives rise to a continuous 
character of Z := Ijm ^^ Z/nZ in E. We would identify these if-vector spaces via (11) with no mention. 

For a uniformiser w £ one gets a character : F^ —>• Op which is identity on Op and sends 
tx7 to 1 . Let '0(7,ro := cr o logoe^ : Fp if for cr G Sp, and '0ur : Fp —> Z be the unramified character 
sending p to 1 (thus sending vo to e~^). 

Lemma 1.14. {'tpa,zu}ae'Sp o,nd form a basis o/Hom(Fp ,if). 

Proof. One has isomorphisms 

(12) Hom(C>^,F;) ^ HomQp(F’p,F;) ^ Homs(F’p (g)Qp F;,F;) ^ Home ( E,E), 

where the first isomorphism is induced by the log map. For r G Sp, one sees r o log : Op -> E 
corresponds to the map HtTGi: E, (ao-)(TgEp i-^- a,-. So {a o logjo-GSp form a basis of the if- 

vector space Hom(C>p , if), and hence {0(T,ro},TGi:p form a basis of the if-vector subspace of Hom(Fp , E) 
generated by characters sending va to 0. The lemma follows. □ 

The cyclotomic character Xcyc of Galpp corresponds (via Artpp) to the character Fp —-—^ —5- Z^ 

with the last map being identity on Z^ and sending p to 1. Consider the restriction of J^Pp/Qp to Op, 
which corresponds (via (12)) to the map tr G Homs (IlcrGSp B,E) : (aa-)cr >-->• X^creE^ '^(oo-)- This map 
is in fact a generator of Hom^ (HcreSp B,E) over Fp iE>Qp E. For any f £ Fp if, denote by 0/,p 
the character Fp —>• E such that 0/,p|(px coincides with the preimage of / • tr G Hom^; (n(TeEp B,E) 
in Hom(C>p,if) via (12) and that 0^_p(p)=l. For r G Ep, denote by 1,- G Fp <E)q^ E = n(TeE B with 
(lr)T = 1 and (1 t)(t = 0 for a ^ t. Let ipT,p '■= 01t,p to simplify, we see 0T,ro = 0r,p + ''■(log(p/tx7®))0ur 
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(by comparing their values of p and O^). In particular, {'i/'o-.plo-eEp and tpur also form a basis of 
HomQ^(F^^£;). 

For T £ Up, the embedding l : Fp ^ induces Lr ■ E ^ ^ -» Cp,T- One gets 

: H\GalF^,E) B+^ ^) ^ i?i(Gal;^^, Cp,,). 

For ip £ H^iGalF^, E), ip is mapped to zero if and only if there exists x £ Cp^r such that x(ff) = g(x) — x. 
It’s known that for any l' ^ l : Fp ^ Cp, there exists uf £ Cp , such that g{uF) = {t' o e.^{g)) ■ uf 
(where is viewed as a character of Gali^’^ via Art^p), put xf ■= log(Mt'), we have g(xF) — xf = 
logoeT^{g). From which we deduce that for any t' ^ t, iri'ipr'= 0. Similarly, we have ii-('*/’ur) = 0. 
So ^/^ur e i?p(Gal_Fp,B_E) = FIg(GalFp,A) = ker[iJi(Gali7’p,FI) iJ^(GalFp, ©o-eSp-BdR,^-)], and is a 
generator of (Galj’p,S r;) (which is 1-dimensional over E). For S C Ep, recall Fl^ ^{GdlFpiE) = 
Ker[iJ^(GalFp, A) ^ ©cresiF^(Gal_Fp, i?dR.cr)], by the above discussion, one has 

Lemma 1.15. The E-vector space ^(GalFp, A) is of dimension |Ep \ S'! + 1, and is generated by 
{'0<T,ro}o-eEp\S and '0ur {thus can also he generated by {V'o-.pjcrGSpXS and 

1.3.2. C-invariants. Return to the situation before §1.3.1 (thus x is a special character with Sdx) = 0)- 
Let [A] e H^{GalF^,BE{x)) = H^{Ga\F^, Be{x)), by Prop. 1.9 and Lem.1.15, [A] e iFg^(GalFp, ^^(x)) 
if and only if ([A],'!/)ur) = 0 (cf. (9)). 

Definition 1.16 (non-critical case). Keep the above notation, if [A] ^ iF^(Galj’p, i?B(x)), for a £ Ep, 
put C{X)cr := {[X],ipa-,p)/{[X],'ipnr) S E (cf. (9)), and the {£(X)cr}cre'Sf, are called the Fontaine-Mazur 
C-invariants of X; */[A] £ Hf(GalF^,BE{x))^ '^6 define the Fontaine-Mazur C-invariants of X to be 
{C{X),).^^^ := i{[X],fj,,p)U^^ £¥<^iE). 

Remark 1.17. Let x' = unr(g“^) rio-eSp with 1 < k'^ < ka for all a £ Ep. The natural morphism 
i : Be{x) -t Be{x') induces isomorphisms j : IT^{G&\f^,Be{x)) ^ FF*(GalFp, B£;(x')) far i £ Z>o (by 
the same argument as in the proof of Lem. 1.13), moreover, the following diagram commutes 

HHGa\F„BE{x))xH\Ga\F,,BE) H^GalF,, Be{x)) 


H\GalF„BE{x'))xHHGa\F,,BE) H^{Ga\F,,BE{x')) 

We see by definition (£(A')^)crGEp = (Fl(A)^)^gEp if [A'] = j([A]) (up to scalars). 

Consider now the case Sdx) d 0 (i-e- the critical case). Let 

X“:=X n =unr(9-i) Y[ © 

<y&Sc{x) o-eSnCx) crGSc(x) 

thus X** is also special and Sdx^) = 0- The natural morphism of j : Be{x'^) Be{x) (cf- (6)) induces a 
map j : {GaW^, Be{x'^)) H^{GalF^, BeU))- 

Lemma 1.18. Im(j) = H^ g^^^,^{Ga\F^, BeU)) = H^iGaW^, Be{x))- 

Proof By (7), Im(j) = FFi_g^(^)(Gali.p, B£;(x))- By Lem.1.11, FF^ ^(GalFp, B£;(x)) = HdGaW^, Be{x)) 
for cr € ^^(x), and hence FFi_g^(^^(Gal_Fp, ^^(x)) = iFi(Gal_Fp, R£;(x)). The lemma follows. □ 

Let g' := JlcrGSclx) X** = XV'■ We claim the cup-product 

(13) HdGa\F„BE{x)) x NdGaW,, BeW)) HdGa\F,,BE{x^)) 
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is a perfect pairing. Indeed, similarly as in the proof of Lem. 1.13, this follows from the commutative 
diagram (recall rj = X“^Xcyc): 


H^{Ga\F^,BE{x))x H\Ga\F^,BE{v)) iL2(GalF^, B£;(l)) 

One deduces from Prop. 1.9 that this pairing induces isomorphisms 

(14) HliGalF^BEix)) = HUGbIf^^BeW))^, HliGalp,, Be{x)) = i/](Gal^^, ^^5(77'))^. 

Let y denote the natural morphism BEii]') Be, the following diagram commutes 

H\Ga\E„BE{i))xH\Ga[F„BE{x)) -^ H\GBiE,,BE{x^)) 

(15) j'l i| I 

H\G^1f^,Be) xH\Ga[F,,BE{x^)) -^ H^{G&\f^,Be{x^)) 

By (7), IinOO = Be). 

Lemma 1.19. Denote by (•,-)n the bottom (perfect) pairing in (15), then the pairing 

(16) (•,•) : i7g\s^(^)(GalF^,BB) x Hl{GalF^, Be{x)) -t -^^(GalF^, Bf(x*)) = E, {x,y) := {x,y^)n, 

where y^ denotes a preimage of y in H^{GalFp, Be{x^)), is independent of the choice of y^ and is a perfect 
pairing. Moreover, this pairing induces an isomorphism Hg{Ga\F^, Be)^ —> iLg (GuIf^, Bf(x))- 

Proof. The independence of the choice of follows from the commutativity of (15) and the fact Im(j') = 
-ffg\s,(x)(GalFp,BF)- Indeed, for y' G iJi(GalFp, Bf(x*)), if 'Av') = 0, by (15), Im(j') C {E ■ y')^. 

By (14), the top pairing in (15) induces a perfect pairing 

H\Ga\F,,BE(n'))lHl{Ga\E,,BE{p')) x i7i(GalF,, i?F(x)) ^ E. 

We claim)' induces an isomorphismi7^(GalFp, BB(yO)/^e(GalFf,, Bf(? 7')) ^ ^^^^^(GalFp, Sb), from 

which one can easily deduce (16) is perfect. Since 77g (GalFp, Bf) = {0}, iJg (GuIf^, Bf(?7')) Q Ker(j') 
(note y sends iJg (GalFp, Bb(? 7')) fo -ff^GalFp, Bb) = O). By Lem. 1.15, 

dimBlm(j') = dimB i7g,s,(x)(GalFp, .Bf) = |S'„(x)| + 1; 

by Lem. 1.12, dimF B^(GalFp, Bf(77')) = d and diniF Bg (GalFp, Bf( 7?')) = |<S'c(x)| — 1- By dimension 
calculation, the claim follows. 

The second part follows from (14) the fact ]' sends Bg(GalFp, BF(y')) to (GalFp, Bf). □ 

Using this pairing and Lem. 1.15, one can now define Fontaine-Mazur £-invariants in general case: 

Definition 1.20 (general case). Let x be a speeial character of , [X] G Bg(GalFp, Bf(x)); */ 
W i Bgi(GalFp,BF(x)), !or a G 5„(x), put C{X)„ := ([X],7/>^,p)/([X],V'ur) S E (ef. (16)), and 
{B(X)4 aeSnix) ealled the Fontaine-Mazur C-invariants of X; if [X] G Bg (GalFp, Bf(x ))7 we define 

the Fontaine-Mazur C-invariants of X to be (C(X)cy)cres„(x) (([^]il/’o- p))o-gS„(x) ^ pl'5"(x)l(i<;) (cf. 
(16)). 

Remark 1.21. Keep the above notation, and let [X] G Bg(GalFp, Bf(x))> S B^(GalFp, Bf(x**)) 
with){[X^) = [X], thus {C{X)),,^s„{x) = (^(^“))aes„(x)- 
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Let X be a 2-dimensional triangulable i?-i?-pair with a triangulation given by 

0 ^ Be{xi) X ^ Be{x2) 0 . 

We denote by {X,xi,X 2 ) a such triangulation. The E-B-paii X is called special if is special. 

Suppose X is special, let [Xq] G H^{Ga\Ep, Be{xiX 2 ^)) be the image of [X] via the isomorphism 
Ext^{BE{xi),BE{x 2 )) ^ H^{Ga\F^,BE{xiX 2 ^))- If [^o] G Hl{GalF^, Be{xiX 2 ^)), we define the C- 
invariants of (X, xi,X 2 ) to be the £-invariants of [Xq]; if moreover [Xq] ^ iLg (GalFp, Se(xiX^^))j these 
are called ^-invariants of X (since in this case, X admits a unique triangulation, cf. [34, Thm.3.7]). 

Let fG be a 2-dimensional semi-stable representation of GaliT-^ over E, and 

0 ^ BEixi) ^ WiV) ^ Be(x2) ^ 0 

a triangulation of Wly). Suppose XiX^^ is special, which is equivalent to that the eigenvalues ai, a2 of 
the £i-linear operator on Dst{V) satisfy aia^^ = g or q~^. One defines the ^-invariants of (F, Xij X 2 ) 
to be the ^-invariants of (IL(I^), Xi j X 2 )i which are called the Fontaine-Mazur C-invariants of F if F is 
moreover non-crystalline. 


2. ^-INVARIANTS AND PARTIALLY DE RHAM FAMILIES 


Let X be a special character of E^ in E^, x be a character of E^ in {E[e]/e‘^)^ such that x = X 
(mod e). So there exists an additive character ip of E^ in E such that x = x(l + ^V’)- By results in 
§1.3.1, there exist Oa- & E for all a G Sp and a^r G E such that ip = CurV'ur + 

Let X be an E\e\/e^-B-pa\r of rank 2 such that 

[X] G iL^(GalFp,i?£;[e]/e2(x)) = Ext^ (il£;[e]/£2, (x)) ■ 

Denote by Xq := X (mod e), which is a triangulable X-R-pair and lies in H^{GalF^, Be{x))- Suppose 
Xq is de Rham (i.e. [Xq] G E[g{Ga\Fp, Be{x))) ^ and denote by £ls„(x) ~ ('^'^)o'6Sn(x) fbe associated 
/^-invariants (cf. Def.1.20). This section is devoted to prove the following theorem. 


Theorem 2.1. Keep the above notation, and suppose X is Sc{x)~de Rham (cf. Def.1.3), then 


(17) 


Our + X)o-eS„(x) = 0 if Xq is non-crystalline, 

X)o-eS„(x) ^ ® crystalline. 


Remark 2.2. (1) Such formula was firstly established by Greenberg-Stevens [30, Thm.3.14] in the case 
of 2-dimensional ordinary GaXi^^-representations by Galois cohomology computations. In [22], Golmez 
generalized [30, Thm.3.14] to 2-dimensional trianguline GuIq^- representations case by Galois cohomology 
computations and computations in Fontaine’s rings. The theorem 2.1 in non-critical case (i.e. Sdx) =9) 
was obtained by Zhang in [44], by generalizing Golmez’s method. In [37], Pottharst generalized [30, 
Thm.3.14] to rank 2 triangulable {lp,V)- modules (in Qp case) by studying cohomology of {lp,V)- modules. 


(2) The hypothesis X being S'c(x)-de Rham would imply that Oa- = 0 for all a G Sdx)- fact, X 
being Sdx)~de Rham implies R£;[e]/e 2 (x) being Sdx)~dc Rham. We claim that BE[e\/e'^{x) is Sdx)~de 
Rham if an only if Oa = 0 for all a G Sdx)- Indeed, it’s easy to see B^[g]/g 2 (x) is Sdx)~de Rham 
if and only if BE[e]/e'^d + V’c) Sdx)~dc Rham. Viewing BE[e]/e^iI + V’c) ns an extension of Be by 
Be defined by ip & H^{GalE^, Be) (cf. %1.3.1), we see i?_E[e]/e 2 (l -|- ipd is Sdx)~dc Rham if and only 
Ip G Hg ^e)’ nihich is equivalent to that Oa- = 0 for all a G 5'c(x) by Lem. 1.15. However, the 

converse is not true. This is a new subtlety: the formulas in (17) do not hold (in general) if one only 
assumes Oo- = 0 for all a G S'c(x) (c-g- see the discussion before Lem. 2.7 below). 
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We translate this theorem in terms of families of Galois representations. Let A be an affinoid iil-algebra, 
G be a locally free A-module of rank 2 equipped with a continuous GaliT-^-action. Thus DdR(V) := 
is an A 0 q^ T'p-module. Using A 0 q^ Fp ^ OcreSp a 0 b ^ {aa{b))„, one can 
decompose DdR{V) ^ 0aGSf,DdR{V)a- For a £ Sp, we say V is a-de Rham if DdR{V)a is locally 
free of rank 2 over A. Let 71a ■= 7Ze0eA, one can associate to U a ((/3, r)-module Drig(U) (cf. [32, 
Thm.2.2.17]) over TZa- Suppose Drig(U) sits in an exact sequence of (i^, r)-modules over TZa as follows: 

0 ^ 7Za(Si) —> DAg(V) 7 Za(52) 0, 

where 6 i : Fp ^ A^ are continuous characters, and we refer to [32, Const.6.2.4] for rank 1 (i/j, r)-modules 
associated to characters. For a continuous character y of Fp in A^, x induces a Qp-linear map 

dx- Pp —> ^x(exp(ax))U=o, 

and thus an U-linear map dy : Fp 0 q^ E = naeSp P ^ So there exists (wt(x)CT)(TgSp G called 

the weight of x, such that dx((ao-)creEp) = X^o-ge Let z be an U-point of A, and 6 i^z := z* 6 i, 

suppose 

• 14 := z*V is semi-stable; 

• ^ 1^262 I is special. 

Put Sn(Vz) := Sn(di,zd 2 ^l), Sc(Vz) := Pc(di,zd 2 ^l) (cf. (8)), and the Fontaine-Mazur ^-invariants 

of 14 . By Thm.2.1, one has 

Corollary 2.3. Keep the above notation, suppose moreover V is Sc{Vz)-de Rham, then the differential 
form in ^\/e 

{ dlog ((5i(54^(p)) + X]crGS„(\ 4 )is non-crystalline 
dfad{wt{SiSf^)a) if Vz is Crystalline 

vanishes at z. 

Remark 2.4. Partially de Rham families would appear naturally in the study of p-adic automorphic 
forms, e.g. one encounters such families when studying locally analytic vectors in completed cohomology 
of Shimura curves (see Prop. J^. 15 below), or certain families of overconvergent Hilbert modular forms (see 
App.A below). Note this formula also applies for families of Fp-analytic Galp^-representations (cf. [6], 
which can be viewed as special cases of partially de Rham families). 

The rest of this section is devoted to the proof of Thm.2.1. We use Pottharst’s method [37] (but 
in terms of R-pairs). It’s clear that X being 5c(x)-de Rham is equivalent to saying that R_E[e]/e 2 (x) is 
5'c(x)-de Rham and [X] € BE[e]/e‘^{x))- As discussed in Rem.2.2(2), BE[e]/e^{x) being 

S'c(x)"de Rham is equivalent to that 0 ^ = 0 for all a £ Sdx)- Thus it’s sufficient to prove 

Proposition 2.5. Suppose Oa = 0 for all cr £ Sc(x) and [X] £ (Gal^p, R£;[e]/e 2 (x)), then the 

formulas in (17) hold. 

Let ka £ X for all a £T,p such that x = IlcrGEp ^ natural exact sequence of 

R-R-pairs 

(18) 0 —>■ R_e(x) —t R£;[e]/e2(x) —> Be{x) 0, 

by taking cohomology, one gets an exact sequence 

(19) 0 ^ H\GalF^,BEix)) ^ R'(Gal;^^, R^5[,]/,2(x)) A H\GalF,, BEix)) ^ H^iGalp,, Be{x))- 

Note K,{[X]) = [Xq]. We suppose tp ^ 0 (since the case = 0 is trivial). 

13 


First consider non-critical case (i.e. Sdx) = 0)j thus € Z>i for all a € In this case, one has 
H^{GalFp, Be{x)) = Bg {Galp^, Be{ x))j which is of dimension d + 1 over E. One also has 

Lemma 2.6. diuiE H^{Ga\E^,BE[e]/e 2 {x)) = 2d+l. 

Proof. Let W := -B_E[e]/e 2 (x) for simplicity, one has = —2d. It’s easy to 

see iL°(GalFp, IF) = 0 (cf. [34, Prop.2.14]); moreover one has dim^ id°(GalFj,, IF^(l)) = 1: let 
77 := rio-eEs, then IF'^(l) is an extension of BEijf) by BE{ri) (defined by if), by [34, Prop.2.14], 

dims id°(GalFj,, 5 ^( 77 )) = 1, which together with the fact if deduces then dim^ iL°(GalFp, IF^(l)) = 
1 . By the duality between iJ°(GalFp, IF^(l)) and iL^(GalFp, IF), one sees dim^ id^(GalFp, IF) = 1, so 
idi(GalF^,IF) = 2 d+ 1 . □ 


In particular, the map k is not surjective. On the other hand, by Rem. 1.8 (1) (applied to IFi = IF 3 = 
Be,W2 = I?F[e]/e 2 (1 + tlf), IF = Be{x)) : we see the map 5 is given (up to scalars) by a; i—>■ (x, if), where 
(•,•) denotes the cup-product iJ^(GalFp, Sf(x)) X ^I^(GalFp, Bb)—>■ LI^(GalFp, Bb(x)) (cf. (9)). So one 
has (since [Xq] = k([X])) 

( 20 ) d([Xo]) = ^ a,([Xo],V'..p) +aur([^o],7/-ur) = 0 , 

from which we deduces Prop. 2.5 in non-critical case by the definition of ^-invariants of Xq (cf. Def.1.16). 

Suppose now 5'c(x) ^ 0, in this case diuiE {Galp^, Be{ x)) = d. One can show as in the proof of 
Lem. 2 .6 that dim.E H^{Ga\E^, BE[e]/e'^{x)) = 2d, so n is surjective (cf. (19)). Gonsequently, one can not 
expect any formula without further condition on X. 

As in §1.3.2, put x* := xTlrreSclx) and x* := X^CI + ct/') = xIlaeScG) 

and l?B[e]/e 2 (x**) are both S'c(x)-de Rham (see Rem. 2.2 (2)). By (7), one has an exact sequence 

(21) 0 ^ [Ga\Fg,,BE[e\/e'^{x))(.= 0) -t ®<T^Sc{x)B^{Ga\F^,BE[e\/e'^{x)%i„/y 

^ id^(GalF^,RF[e]/e2(x*‘)) id^ ( GuIf^ , BF[e]/e2 (x) ) -?■ 0, 

from which (and Lem. 2. 6 ) one calculates: 

Lemma 2.7. dimF idg_s_^(^)(GalFp, .BF[e]/e 2 (x)) = 2d-b 1 - 2lS'c(x)l- 


The commutative diagram of S-R-pairs 

0 -!■ Be{x^) -^ Be{x^) 


0 


Bb(x“) 


0 


Be{x) 


Be{x) 


Be{x) 


0 


induces a commutative diagram (by (7)) 

idi(GalF„SF(x*)) -^ H\Ga\F^,BE[,yAx^)) 






idi(GaR ,i?F(x“)) 




where all the vertical arrows are surjective, the two horizontal maps on the left are injective, and the top 
sequence is exact. Note by Lem. 1.18 and Lem. 1.12, id^ g^^^^(GalF^, i?F(x)) = ^g(GnlF^, i?F(x)) is of 
dimension d-b 1 — |<S'c(x)l- Since dimF Im(K) = d = dimF id^(GalF^, i?F(x**)) “ 1, one has dimF Im(Fg) > 
dimFd7^5^(^)(GalF^,i?F(x)) ~ 1 = ~ l*S'c(x)l, which together with Lem. 2.7 shows that the bottom 
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sequence is also exact and that dim^ Im(Kg) = dim^; g,^^^j(Gali7’p, Be{x)) ~ 1 (in particular, Kg is not 
surjective). 

Denote by [X^ G {Galp^, BE[e]/e^{x^)) the preimage of [X] G ( GalF^, (y)) via j, 

[Xg] := At([Xt*]), thus (([Xg]) = [Xq]. By (20) applied to [Xg], one has (note that = 0 for a G Sdx)) 

X! +aur([X|5],'0ur) = 0, 

cr^Ylp 

from which, together with the definition of ^-invariants for [Xq] (Def.1.20, see in particular Rem. 1.21), 
Prop. 2.5 follows. 


3. Breuil’s £-invariants 


In [8], to a 2-dimensional semi-stable non-crystalline representation V of GuIq^, Breuil associated a 
locally analytic representation n(P) of GL 2 (Qp) (Breuil also considered Banach representations, but 
we only focus on locally analytic representations in this paper), which can determine V and in par¬ 
ticular contains the information on the Fontaine-Mazur ^-invariant of V. Roughly speaking, Breuil 
found that certain extensions of locally analytic representations (of GL 2 (Qp)) can be parameterized 
by some invariants (which are referred as to Breuil’s C-invariants), and by matching these invariants 
with Fontaine-Mazur ^-invariants, one could get a one-to-one correspondence (in p-adic Langlands for 
GL 2 (Qp)) in semi-stable non-crystalline case. In [41], generalizing Breuil’s theory, Schraen associated a 
locally Qp-analytic representation of GL 2 {Fp) to a 2-dimensional semi-stable non-crystalline representa¬ 
tion of Galfp (although only the non-critical case was considered in loc. cit., Schraen’s construction can 
easily generalize to critical case). We recall some results of loc. cit. in this section. 


Let R be a 2-dimensional semi-stable non-crystalline representation of Galpp over E of distinct Hodge- 
Tate weights := (fci.cr, fc 2 ,cr)(TgSp (^ 1 , 0 - < fc 2 .cr, we use the convention that the Hodge-Tate weight of 

the cyclotomic character is —1), denote by a, qa the eigenvalues of on Dst{V) := (i?st 
By [34, §4.3], the E-B-paii W{V) admits a unique triangulation: 

0 WiSi) W{V) WiS2) 0 

where = unr(a) Oo-eSn Ho-eSc ^ ^2 = uiiT(qa) ncr6S„ HcreSc is a subset of S^, 

and S'c = Sp \ In fact, Sc = 5'c((5i(5^^) is the set of embeddings where V is critical (cf. Def.A.2 
below). Since V is semi-stable non-crystalline, so is IR(R), one can thus associate to V the Fontaine- 
Mazur ^-invariants G (see the end of §1.3). 


For S C Sp, let hg := h.daes and put 

( 22 ) 

alg(hs) := ®<tgs( ^2 y ^ ^2 

which is an irreducible algebraic representation of ResF^/Qp GL 2 with the action of Glj 2 {Fp) on (•)'^ 
induced by the natural action of GL 2 (iil) via a. Put 


(23) 


x{aAs) ■= unr(a) cr 


—fei,( 


o-eS 


) unr(Q;) 

<7^S 


which is a locally S'-analytic character of T{Fp) over E. Gonsider the locally 5'-analytic parabolic induc¬ 
tion (cf. [41, §2.3]) 

I{a,hs) := 

by [12, Thm.4.1] (see also [41, §2.3]), we have 
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(1) socG^^{F^)Iia,hs) = (unr(a) odet) (^e algihg) =: F{a,hs); 


(2) put 'E,{a,hg) := I{a, hg)/F{a, hg), then 


socGL 2 (Fp) S(a,/is) = (unr(a)odet) St (g)£; alg(a, hg) =: St{a, hg), 

which is also the maximal locally algebraic subrepresentation of Tj{a,hg), where St denotes the 
Steinberg representation; 

(3) let cr G Sp, := unr(a)CT-'=i'-(8)unr(a)CT-'=='-+\ and/°(a, := (x(a, 

(which is irreducible by [12, Thin.4.1]), then one has a non-split exact sequence 


0 —>■ St(a,/i£,) T,{a,h^) —>■ I^{a,h^) —>■ 0. 

For C & E and a G Sp, let log^ £ := 4’cr,p + ^t/'ur (cf. §1-3.1) which is thus the additive character of 
Fp in E satisfying that log^ £ \qx = a o log and that log^ £(p) = C. 

Let dn ■= l^ral, and ipi^LS^) be the following (d„ -|- l)-dimensional representation of T{Fp) over E 



/I 

logai.-F,,, (ad-^) 



( 24 ) ^(i:.j(“ 2 ) = 

0 

1 

0 

0 

0 

0 

1 

0 


Vo 

0 

0 

1 y 


with ai G Sn- One gets thus an exact sequence of locally S'^-analytic representations of GL 2 (Fp): 

(25) 0 ^ I{a,hsJ Xia,hgj Of V'(£sJ)^ ^ «■ 

Put T,(^a,hg^,Cg^) := s~^ (^F{a, hg^)®‘^^ ) /F{a, hg^) , which is thus an extension of d„-copies of E{a, hg ^) 
by E{a,hgj: 



) 

) 


)■ 


Remark 3.1. (1) Let ^g^ G F'^", as in [41, Prop.4.13], one can show 'E[a,hg^,£/g^) = T,(^a,hg^,Cg^) 
if and only if Cfg^ = Cg^- In particular, one can recover the data {ct, hg^, Cg^} from 'E{a,hg^, Cg^. 

(2) Lethfg^ = (fcya,fc 2 ,< 7 )<TGS„ e withk[ ,^-ki^a = ^ 2 ,< 7 -^ 2 ,a = na, thusa\g{hfgj = a\g{hgJ^E 

O’ o det"". It’s straightforward to see S (a, h'g ^, Cg ^) = S (a, hg^ , Cg^ ) Of ( 0(TeS„ o’ o det"" ). 

(3) Byreplacing the terms\og,j^_E^,{ad~"^) inif^Cg^) 61 /log^.. _£_^ (ad”^) + Xi o det with an arbitrary 
locally cFi-analytic (additive) character Xi of E^ in E, one can get a locally Qp-analytic representation 
Ti(a,hg^, Cg^y in the same way as 'E(a,hg^, Cg^). By some cohomology arguments in [41, §4.3] (see 
[24, Lem.4.4] one can actually prove 


^{a,hg^,CgJ -E,{a,hg^,CgJ. 
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(26) 






(4) For a G Sn, denote by tp^Ca-) the following 2-dimensional representation ofT{Fp): 

")=G 

One has thus an exact sequence 

0 —> I {a, h-sj —^ I {a As J —^ 0. 

Put S(a,/is^,£cr) := sf^{Fia,hs„ ))/F{aAsn)y the following isomorphism is straightforward: 

(27) S(q;, hsn 5 Ffj-^ ) ^ —Sn ’ ^^2 ) ® S(a,/lg^ ) * ' * ) ^(^1 —Sn ’ ^^dn ) t ^ —Sn ’ —Sn ) ' 

Put F{aAi:J ■= F{aAsn) alg(ZisJ, T,{aAsJ ■= S(a,/is„) alg(ZisJ, and T,{a, h^^, ^Sn) ■= 
F‘{aAsnT—Sn') which is thus an extension of d„-copies of F{a,h-Sp) by S(a, and carries 

the information of {a, h^^,: Fsn}- b'or a G Up, put I^{a,h^^) := I^{a,h^) (8 >e alg(h 2 ^ \w)- 

4. Local-global compatibility 

We prove some local-global compatibility results for completed cohomology of quaternion Shimura 
curves in semi-stable non-crystalline case. 

4.1. Setup and notations. Let F be a totally real field of degree d over Q, denote by Eoo the set of 
real embeddings of F. For a finite place ( of F, we denote by Ft the completion of F at 1, Ot the ring of 
integers of Ft with wi a uniformiser of Of. Denote by A the ring of adeles of Q and Ap the ring of adeles 
of F. For a set S of places of Q (resp. of F), we denote by A® (resp. by Af,) the ring of adeles of Q 
(resp. of F) outside S, Sp the set of places of F above that in S, and Af := Ap^. 

Let p be a prime number, suppose there exists only one prime p of F lying above p. Denote by Sp the 
set of Qp-embeddings of Fp in Qp; let tx 7 be a uniformizer of Op, Fp^ the maximal unramified extension 
of Qp in Fp, do := [Fp^o : Qp]i e := [Fp : Fp_o]i Q ■= p‘^° and Vp a p-adic valuation on Qp normalized by 
Vp{vj) = 1. Let F be a finite extension of Qp big enough such that F contains all the Qp-embeddings of 
F in Qp, Op the ring of integers of F and wp Sl uniformizer of 0 _e. 

Let F be a quaternion algebra of center F with S{B) the set (of even cardinality) of places of F where 
B is ramified, suppose \S{B) n EcxjI = d — 1 and S{B) fl Ep = 0, i.e. there exists Too G Soo such that 
B R = M 2 (R), B ®p^a R = H for all a G Soo \ {too}, where HI denotes the Hamilton algebra, and 

B ®Q Qp = M 2 (Fp). We associate to F a reductive algebraic group G over Q with G{R) := (F ( 8 )q R)^ 
for any Q-algebra R. Set S := Resc/RGm, and denote by h the morphism 

h : S(R) ^ ^ C?(R) ^ GL 2 (R) x (H*)‘^-\ a + bi^ , 1, • • • , 1 

The space of G'(R)-conjugacy classes of h has a structure of complex manifold, and is isomorphic to 
:= C \ R (i.e. 2 copies of the Poincare’s upper half plane). We get a projective system of Riemann 
surfaces indexed by open compact subgroups of G{A°°)-. 

Mk{C) := G(Q) \ (1)± X (G(A“)/F)) 

where G(Q) acts on ()=*= via G(Q) G(R) and the transition map is given by 

(28) G(Q) \ (f,± X (G(A-)/Fi)) ^ G(Q) \ ([)± x (G(A-)/F 2 )), {x,g) ^ {x,g), 

for Ki C K 2 . It’s known that Mk{C) has a canonical proper smooth model over F (via the embedding 
Too), denoted by Mp, and these {Mk}k form a projective system of proper smooth algebraic curves over 
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F. Note that one has a natural isomorphism G'(Qp) GL 2 (-F'p). For an open compact subgroup K of 
G(A°°), let Kp ■=Kf^ GiQp), and Rp := K n G(A°°’P), so one has K = RPRp. 


Let Kp,o ■= GL 2 (Op), and in the following, we fix an open compact subgroup Rp of G{A°°’P) of 
the form Y\^>^pRv small enough such that RPRp^o is neat (e.g. see [36, Def.4.11]). Denote by S{Rp) 
the set of finite places I of F such that p f 1, that B is split at I, i.e. B F[ M 2 (F(), and that 

RP n GL 2 (F[) = GL2(0[). Denote by 'HP the commutative G^-algebra generated by the double coset 
operators [GL 2 (G[)( 7 [ GL2(0[)] for all gi G GL 2 (F() with det(p[) G G[ and for all 1 G S{RP). Set 


T, 


Si 


GL2(Gi) GL2(G,) , 


then 'HP is the polynomial algebra over Op generated by {rt, <S'i}[g 5 (^p). 


Denote by Zq the kernel of the norm map ^ : ReSir/QGm —>■ Gm which is a subgroup oi Z = 
Resp/QGm- We set G^ := GjZQ. 

For a Banach representation V of GL 2 (Fp) over E (cf. [39, §2]), denote by VQ^-an the A-vector 
subspace generated by the locally Qp-analytic vectors of V, which is stable by GL 2 (Fp) and hence is a 
locally Qp-analytic representation of GL 2 (Fp). If V is moreover admissible, by [40, Thin.7.1], VQp_an is an 
admissible locally Qp-analytic representation of GL 2 (Fp) and dense in V. For J C Ep, denote by Fj-an 
the subrepresentation generated by locally J-analytic vectors of Fj^-an (cf. [41, §2]), put Voo ■= Fl-an- 

Let A be a local artinian A-algebra, for a locally Qp-analytic character X = Xi ®X 2 of T{L) over A, let 
wt(x) := (wt(x)i,^,wt(x) 2 ,< 7 ),TGEp := (wt(xi)^, wt(x 2 ),T)< 7 eEp S A^l'^l be the weight of x- For an integer 
weight A G denote by S\ the algebraic character of T{L) over E with weight A. 


Let V be an A-vector space equipped with an A-linear action of A (with A a set of operators), x a 
system of eigenvalues of A, denote by y-eigenspace, F[A = x] the generalized x-eigenspace, 

the vector space of A-lixed vectors. 


4.2. Completed cohomology and eigenvarieties. We recall the construction of eigenvarieties from 
completed cohomology of quaternion Shimura curves and survey some properties. 


4.2.1. Completed eohomology of quaternion Shimura curves. Let IF be a finite dimensional algebraic 
representation of G’^ over E, as in [17, §2.1], one can associate to IF a local system Vw of A-vector spaces 
over Mp. Let IFq be an Og-lattice of IF, denote by Swo the set (ordered by inclusions) of open compact 
subgroups of G(Qp) = GL 2 (Fp) which stabilize Wq. For any Rp G S'woi one can associate to IFo (resp. 
to Wo/wp for s G Z>i) a local system Vwo (resp. Vwo/7^%) of G_E-modules (resp. of GB/tUg-modules) 
over Mp^pp. Following Emerton ([26]), we put 


Hl,{RP,Wo) 


Hl{RP,Wo) 


HI,{RP,Wo)e 

Hl,iRP,Wo)E 


hrt) Het{Mp^ppq,Vwo) 

KpGSwQ 
KpGSwQ s 

Im lim 

s KpGSwq 

Hl,{RP,W^)®o. E-, 

Hl,iRP,Wo)^o, E. 
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All these groups (O^;-modules or A-vector spaces) are equipped with a natural topology induced from the 
discrete topology on the finite group q,Viyo/t:j%) ■: a-nd equipped with a natural continuous 

action of x Gali^ and of Kp S iSwo- Moreover, for any 1 £ S{KP), the action of Gali^j (induced by 
that of GaliT-) is unramified and satisfies the Eichler-Shimura relation: 

Frob"^ -T, Frob("^ +£f'Si = 0 

where Frobi denotes the arithmetic Frobenius, i the prime number lying below I, /[ the degree of the 
maximal unramified extension in Fi over (thus = \0[/vJi\). Note that ,Wq)e is an E- 

Banach space with the norm defined by the 0£;-lattice Wq). 

Gonsider the ordered set (by inclusion) {Wq} of 0£;-lattices of W, following [26, Def.2.2.9], we put 

Hl,{KP,W) := \imHl,{KP,Wo)E, 

Wo 

Hl{KP,W) := \i^HUKP,Wo)E, 

Wo 

where all the transition maps are topological isomorphisms (cf. [26, Lem.2.2. 8 ]). These F-vector spaces 
are moreover equipped with a natural continuous action of GL 2 {Fp) (cf. [26, Lem.2.2.10]). 

Theorem 4.1 (cf. [26, Thm.2.2.11 (i), Thm.2.2.17]). (1) The E-Banach space ,W) is an admis¬ 

sible Banach representation ofG\j 2 {Fp). IfW is the trivial representation, the Gh 2 {Fp)-representation 
W) is unitary. 

(2) One has a natural isomorphism of Banach representations of Glj 2 {Fp) invariant under the action 
ofnPxGaliF/E): 

HURP, IF) ^ E) ®e W. 

(3) One has a natural GL 2 (F'p) x T-LP x G&Ie- invariant map 

HUKP,W) ^ HUKP,W). 

Let p be a 2-dimensional continuous representation of Gal^ over E such that p is unramified at all 
[ £ S{KP) and that the reduction p over kE (up to semi-simplification a priori) is absolutely irreducible. 
To p, one can associate a maximal ideal m(p) of HP as the kernel of the following morphism 

HP kE ■■= Oe/we, T[ tr(Frobr^), Si ^ det(Frobr^), V 1 £ S{KP). 

For an 'H^-module M, denote by Mj the localisation of M at tn(p). 

Put Zi -.= 1 + 2wOp C Z{Glo 2 {Fp)) the center of GL 2 (Fp). Put 

Ui := {pp £ 1 -b 2 wM 2 {Op) I det(pp) = 1 }, 
and Hp := ZiUi which is a pro-p open compact subgroup of GL 2 (Op). 

Proposition 4.2. Let W be an irreducible algebraic representation of G°, and suppose H\^{KP, W)-p 0. 

(1) The natural morphism 

hUrp, w)j hUrp, 1 F)p.oo 

is an isomorphism, where oo denotes the smooth vectors for the action of G\j 2 {Fp). 

(2) Let Ip be a continuous character of Z\ such that '>P\ (^z{Q)nKPH ) ~ isomorphism 

of Hp-representations 

HURP,W)^^=^ 

where Z\ acts on C{Ui, by the character 'll), and Ui by the right regular action. 
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Proof. Part (1) follows from [36, Prop.5.2]. Part (2) follows by the same arguments as in [36, §5] (see 
also [24, Cor.2.5]). □ 


Remark 4.3. One can check (2^(Q) Ci KPHp)p C Zo(Qp), in particular, any continuous character of Zi 
factoring through Z\I{Z\ n Zo(Qp)) satisfies the assumption in Prop. 4-2 (2). 


4.2.2. Eigenvarieties. Let J C Sp, ka £ 2Z>i for all cr £ J and w £ 2Z, we set 

W{k j,w) := det Y ®e{ (det^)'^), 

which is an irreducible algebraic representation of G over E with the action of GL 2 (Fp) on {*)°' in¬ 
duced from the standard action of GL 2 (i?) via a : GL 2 (P'p) ^ GL 2 (i?). Note the central character 
of W{kj,w) is given by (where jY denotes the norm map), thus W{kj,w) can be viewed as an 
algebraic representation of G^. One has Wik j,w') = W(k j,w) ®EWi2 i,w' — w) (where w' £ 2Z), and 
W{kj,w) = W{kj,,w) ®E W{kj\j,,Q) for J' C J. 

Let p be a 2-dimensional continuous representation of Gal^ over E, absolutely irreducible mod¬ 
ulo We, such that p is unramified at all 1 £ S{KP) and that H^^{KP,E)-p ^ 0. By Thm.4.1 (2), 
Hl^{KP,W{kj,w)) = Hl^{KP,E) Z)e W{kj,w), thus E[^^{KP,W{kj,w))p 0 for J C Ep. Put LI := 
H}^{KP, E)p^Q^_s.n, and for J C Ep, put 

n(fcj,w) := ,W{kj,w))p^s^\j-an ®EW{kj,wY, 

which is in fact a closed subrepresentation of 11. Indeed, we have 

,W{kj,w))-p^Y.^\j_^^ ®EW{kj,wY ^ (n®is ®EW{kj,wY 

^ (n(8>£;®,jgj(Sym''-"“^£’^(8>£;det ^ )'^') ®e ( ®aeE„\J (det^)'^) ®EW{kj,wY 

^ /Sp\J—an 

®E 

S \ J—an 

where the first isomorphism is from Thm.4.1(2), and the last injection follows from [23, Prop.5.1.3]. 
Similarly, for J' D J, we have a natural closed embedding invariant under the action of GL 2 (Fp) x 74^: 

(29) n(kj,,w) '—^ n(kj,w). 

Note n(fc 0 ,r(;) = B, and by Prop. 4.2 (1), n(kj,^,w) = Hj^(KP,W(k^^,w))p 0 e We have 

the following easy lemma. 

Lemma 4.4. Keep the above notation, let V be a locally 'Ep\J-analytic representation o/GL 2 (i^p), then 

(30) HomGL 2 (Fp) ^ HomGL 2 (Fp) {V ®e W{kj,wY,IV{kj,w)) 

HomGL 2 (Fp) {V ®e VP(fcj,w)^,n), 

where the first map is given 6 j/ / i—> / 0 id, and the second is induced by the injection n(fcj,r(;) ^ 11 . 


((8>crGjSym'''' E'^(S)Edet = ) '—11, 


^n(g)s<8)o-ej(Sym''" ^Li^^^det 


Proof. Given a morphism g : V (g>B W{kj, wY LI, consider the composition V V 0eW{ kj, wY ®f 
W{kj, w) H}^{KP, W{kj, w))75,Qp-an whose image is contained in HI^{KP, W{kj, w))p^^^\j_^^ since 

V is locally Ep\ J-anlaytic, and it’s straightforward to check this gives an inverse (up to non-zero scalars) 
of the composition (30). The lemma follows. □ 

Let J C Ep, kj £ 2Z|/| and w £ 2Z, consider 

mj, - H\KP, W{kj, «;))f)sAJ-an 


(31) 
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which is an admissible locally Qp-analytic representation of GL 2 (i^p) equipped with a continuous action 
of 'W’ commuting with GL 2 (i^p). Applying Jacquet-Emerton functor (for the upper triangular subgroup 
B{Fp), cf. [27]), we get an essentially admissible locally Qp-analytic representation ”) 

of T{Fp) over E, whose strong dual corresponds to a coherent sheaf Mo{kj,w) over T (which denotes 
the rigid space over E parameterizing continuous characters of T{Fp)'j such that 

as coadmissible modules over the Frechet-Stein algebra 0{T). By funtoriality, Mo{kj,'w) is equipped 
with a 0(T)-linear action of T-F. Following Emerton [26, §2.3], we can construct an eigenvariety from 
the triplet {Mo{kj,w),T,'HPy. 

Theorem 4.5. There exists a rigid analytic space £{kj,w)-p over E together with a finite morphism of 
rigid spaces i : £{kj,w)-p —> T and a morphism of E-algebras with dense image 

(32) W 0{f) 0{£{kj, w)p) 

such that 

(1) a closed point z of £{kj,w)p is uniquely determined by its image x ^^6 induced 

morphism A : HP —> E, called a system of eigenvalues of HP; hence z would be denoted by 

(X, A);,' 

(2) for a finite extension L of E, a closed point (x, A) G 8{kj^w)-p{L) if and only if the corresponding 
eigenspace 

is non-zero; 

(3) there exists a coherent sheaf, denoted by A4{kj,w), over £{kj,w)-p, such that i*M.{kj,w) = 
■^oikjTw) and that for an L-point z = (x. A), the special fiber A4{kj,w)\^ is naturally dual to 
the (finite dimensional) L-vector space 


By (31), one has an isomorphism 

(33) = JB{Hl,{KP,Wikj,w))^l,^j_J ®EX{kj,wl 

where x{hj-,w) := ® ^~^)) (IltTei:*, ® cr““/^)) is a character of T{Fp) over E. 

Thus, by Thm.4.5 (2), if (x, A) S £{kj,w)-p, then wt(x)i,cr + wt(x) 2 ,cr = —w for all a £ Ep, and 
wt(x)i,<T - wt(x) 2 ,CT = ka -2 for all cr £ J. 


Denote by Te,^\j the rigid space over E parameterizing the locally \ J-analytic characters of T{Fp), 
and denote by T{kj,w) the image of the following closed embedding 


'— >T, x^ XXikj,w), 


which parameterizes characters of T{Fp) with fixed weights ( 


kcj—113—2 2—kcj — w 


) for a € J. By the isomor- 


„ 2 ’ 2 _ 
phism (33), it’s easy to see the action of 0{T) on Mo{kj,w) factors through 0{T{kj,w)), consequently, 

the morphism £{kj,w)-p —>■ T factors through T{kj,w). Denote by T{kj,w)o the closed subspace of 
T{kj,w) consisting of the points x with x|zi = A/"”®", thus the morphism £{kj,w)-p T[kj,w) factors 

0 


through T{kj,w)o. Denote by Z[ := 


0 


a £ 1 + 2wOp >, and Wi the rigid space over E 


parameterizing continuous characters of 1 + 2mOp (thus of Z[), and Wi(fcj) the closed subspace of Wi 
of characters x with wt(x)cr = k„ — 2 for all cr £ J. One has thus a natural projection 


3 ■■ T{kj,w)o 


Wi{kj) X Gm, X 
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{x\zi,xizp)), 





where Zp := . By Prop. 4. 2(2) and (the proof of ) [27, Prop.4.2.36], is in 

fact a coadmissible module over 0{yVi{kj) x Gm), in other words, j*Mo{kj, w) is a coherent sheaf over 

mikj) X Gm. 

Proposition 4.6. (1) The support Z{kj,w) of j^,A4Q{kj^w) on Wi(fcj) xG^ is a Fredholm hypersurface 
in Wi(fcj) X Gm, o-nd there exists an admissible covering {Ui} of Z{kj,w) by affinoids Ui such that the 
natural morphism Ui —>■ Wi induces a finite surjective map from Ui to an affinoid open Wi ofyVi(kj), 
and that Ui is a connected component of the preimage of Wi. Moreover, r(C/i, j*A4o(fcj, w)) is a finite 
projective 0(Wi)-module. 

(2) Denote by g the natural morphism £{kj,w)-p —> Z{kj,w), and let {Ui} as in (1), then g~^(Ui) 
is an affinoid open in £{kj,w)-p; T{g~^{Ui), A4{kj,w)) = T{j~^{Ui),Aio{kj,w)) = Mi; let Bi be the 
affinoid algebra with SpmB^ = g~^{Ui), then Bi is the 0{Wi)-subalgebra of FjXido{Wi){Mi) generated by 
the 0{Wi)-linear operators in T{Fp) x Tt^. 


Proof. By loc. cit., the discussion in [23, App.] and the arguments before [23, Prop.6.2.31], we can 
reconstruct £{kj,w)p by the method of Coleman-Mazur-Buzzard, and then the proposition follows from 
[15, §4, §5] □ 


Denote by k the composition 

K : £{kj,w)p — Z{kj,w) —Wi(fcj), 
which also equals the composition £{kj,w)p T{kj,w)o Wi{kj). 

4.2.3. Classicality. Let z = (x. A) be a closed point of £{kj,w)-p, z is called classical if there exist 
kcr G 2Z>i for all cr € Sp \ J such that 


{JB{n{k^ w)) (g)_B E) 


np=\,T{F^)=x 


^ 0 . 


Note n(fc 2 p,w') is a locally algebraic subrepresentation of n(fcj,ri;) by (29). In fact, by the description 
of locally algebraic vectors of 11 ([36, Thin.5.3]), one sees z is classical (for z G £{kj, w)p) if and only if 

(JB(niaig) ^ 0, 

where “lalg” denotes the locally algebraic vectors. 

For a locally analytic character x of T{Fp) over E, put 

C'(x) := {o' G Sp I wt(x)i,a - wt(x) 2 ,a € Z>o}; 

for S C C'(x), put 

o-gS 

Let 

/(X) :=soc(lnd|;^;(|-)x)”^'’”“. 

Note /(x) is locally algebraic if and only if x is locally algebraic and dominant. 

Definition 4.7. Let z = (x, A) be a closed point of £{kj,w)-p, for S C C'(x) H J, we say z admits an 
S-companion point if Zg := (xs, A) is also a closed point of £{kj,w)-p. 


Denote by fe = unr ((7 ^) 0 unr(( 7 ) the modulus character of B[Ep). 
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Lemma 4.8. (1) Let z = (x, A) he a elosed point of £{kj,w)p with x locally algebraic and dominant, 
suppose for any 0 ^ S C Sp \ J, I{xs^b^) ® subrepresentation of , then the point z 

is classical. We call the points satisfying this assumption Sp \ J-very classical. 

(2) Let z = (x, A) be a closed point of £{kj,w)p with x locally algebraic and dominant, then z is 
Ep \ J-very classical if and only if z does not have S-companion point for all 9 ^ S C Sp \ J. 

(3) Let z be a Ep \ J-very classical point of £{kj,w)p, then the natural injection 

(34) = A,T(Fp) = x] ^ = \nFp) = X] 

is an isomorphism (^where T{Op) = x ^ T{Fp)). 

Proof. (1) Suppose z is not classical, by [23, Lem.6.2.25], there exists 0 7 ^ S' C Ep \ J such that z admits 
an effective S-companion point (we refer to [23, Def.6.2.21] for effective companion points) which induces, 
by (an easy variation of) [23, Prop.6.2.23], an injection I{xs^b ^) ^ U{kj,w)^’’~^, ( 1 ) follows. 

(2) If z admits an S-companion point for 0 7 ^ S C Ep \ J, as in the proof of [23, Lem.6.2.25], there 

exists S' S, S' C Ep \ J such that z admits an effective S'-companion point, which induces an 
inclusion I{x%'^b^) ^ n(fcj, Conversely, if there exists 0 7 ^ S C Ep \ J such that lixls^B^) ^ 

L^{kj,w)'^ applying the Jacquet-Emerton functor, we get the S-companion point Zg of z. 

(3) By the same arguments as in loc. cit., together with [23, Lem.6.3.15], if (34) is not bijective, there 

exists 0 7 ^ S C Ep \ J, such that z admits an effective S-companion points, and hence I{x%^b^) ^ 
n(fcj, a contradiction. □ 

Remark 4.9. The lemma can also he deduced from Breuil’s adjunction formula [14, Thm.4.3]. 

Since n(fcj, w) is contained in the unitary Banach representation H^{KP, E), the following proposition 
follows easily from [12, Prop.5.1]: 

Proposition 4.10. Let z = (XjA) he closed point in £{kj,w)-p with x locally algebraic and dominant, 
and suppose 

(35) i;(gxi(^^)) < inf {wt(x)i.<T - wt(x) 2 ,a + 1} 

CTeSpVJ 

then the point z is Tip \ J-very classical. 

A closed point z = (x, A) of £{kj, w)p is called spherical if x is the product of an unramified character 
with an algebraic character (i.e. wt(x) £ and xi^Ot^x) unramified). By the standard arguments 
as in [18, §6.4.5] (see also [18, Prop. 6 .2.7]), one can deduce from Prop. 4.10: 

Theorem 4.11. (1) The set of spherical points satisfying the assumption in Prop. f.10 are Zariski dense 
in £{kj,w)-p and accumulates over spherical points. 

(2) The set of points satisfying the assumption in Prop. j. 10 accumulates over points with integer 
weights. 

By Chenevier’s method [19, §4.4], one can prove 

Proposition 4.12. Let z £ £{kj,w)p{E) be a Tp \ J-very classical point, then the weight map k is etale 
at z; moreover, there exists an affinoid neighborhood U of z with k{U) affinoid open in W^kj) such that 
0{U)^0 {k{U)). 
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Proof. Indeed, by Prop. 4. 6 , Thm.4.11, one can reduce to a similar situation as in the beginning of the 
proof of [19, Thm.4.8]. Since z is Ep \ J-very classical, one has the bijection (34) (which is an analogue 
of [19, (4.20)], see also [24, Leni.3.27]). The proposition then follows from the multiplicity one result for 
automorphic representations of G(A), by the same argument as in the proof of [19, Thm.4.8] (see also 
[24, §3.4.3] especially the arguments after [24, Lem.3.27]). □ 

4.2.4. Families of Galois representations. By Carayol’s results [17], the theory of pseudo-characters and 
the density of classical points, we have 

Theorem 4.13. For a closed point z = (x. A) of £{kj,w)p, there exists a unique continuous irreducible 
representation pz : Gal^ —>■ GL 2 (A:(z)) which is unramified at places I ^ S{K'p) satisfying ^^(Frobj”^) — 
A(T|)/Oj;(Frobj" ) -|- A(S'i) = 0, where k{z) denotes the residue field at z. 

By the fact that Pz\Ga.ip^ is de Rham for classical points z G £[kj^w)-p (and of Hodge-Tate weights 
^ w-k ^+2 ^ w+k„ ^ fj ^ Shah’s results [43] and the density of classical points, one can prove as in 
[23, Prop.6.2.40] 

Theorem 4.14. Let z G £{kj, w)-p{E), the restriction p^JcaiF J-de Rham of Hodge-Tate weights 

Proposition 4.15. For z G £{kj, w)-p{E), there exists an open affinoid U of £{kj,w)pjed and a contin¬ 
uous representation pu : Gal^ GL 2 ( 0 (t/)) such that the specialization of pu at any point z' G U{E) 
equals pz'. Moreover, for a G J, DdB.{pu )<7 ■= {BdR,a^EPu)'^‘^^^^ is a locally free 0{U)-module of rank 

2 . 

Proof. The first part follows from [2, Lem.5.5]; the second is hence from Prop. 4.14 and [43, Thm.2.19] 
applied to pu- D 

By [38], pz,p '■= PzIcaiFp is semi-stable (thus trianguline) for any spherical classical point z of £{k^, w)p. 
As in [23, Cor.6.2.50], by global triangulation theory [32] [33] applied to £{k 0 ,w)p (note £{kj,w)-p is a 
closed rigid subspace of £{kfif,w)-p), we get 

Theorem 4.16. For any closed point z = (x = Xi ® X 2 jA) of £(kj,w)p, pz,p is trianguline with a 
triangulation given by 

0 —> Tlk{z){Sl) Drig{pz,p) B.k(z){^ 2 ) 0 

with 

jSi = unr(9)xi Ylcrei:^ (jWt(x)2,,T-wt(x)i,,,-i^ 
j<52.z = X2 n.es. n.es. 

where C C{x), "^feCz) denotes the Robba ring k{z), Dng{pz^p) := (Ht^ is 

the {(p,r)-module (of rank 2) over TZk(z) associated to pz,p (we refer to [4] for and (i^,r)- 

modules). 

Corollary 4.17. Let z = (x,A) G £{kj,w)p{E) and suppose 

(36) unr(g)xix^^ ^ G Z"*, 

for S C Ep \J, if z admits an S-companion point then S C E^,. 

Proof. Applying Prop. 4.16 to the point Zg, the corollary then follows from [34, Thm.3.7]. □ 

One can moreover deduce from the proof of [32, Thm.6.3.9] (see also [23, Prop. 6 .2.49]): 
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Proposition 4.18. Let z be a classical point of £{kj,w)-p, U he an ajfinoid neighborhood of z, suppose 
any closed point ofU satisfies (36), then for any a S Zu ^j '■= {z' £ U(E) \ a £ is a Zariski-closed 
subset ofU{E). 

Definition 4.19. Let z = (x, A) be a closed point of £{kj,w)-p, for S C we say z is non-S-critical if 

(36) is satisfied and fl S' = 0. 

Corollary 4.20. Let z = (X; A) £ £{kj,w)-p{E) with x locally algebraic and C'(x) = Ep, if z is non- 
Ep \ J-critical, then z is E^ \ J-very classical. 

Proof. By Lem. 4 . 8 (2), it’s sufficient to show 2 does not have S-companion point for 0 7 ^: S C Ep \ J. 
But this follows from Cor. 4. 17. □ 

Theorem 4.21. Let z = (XiA) £ £{kj,w)-p{E) be a non-Ep \ J-critical classical point, then the weight 
map K is etale at z. Moreover, there exists an affinoid neighborhood U of z such that W = k(U) is an 
affinoid open in V\t{kj) and 0(U) = 0{W). 

Proof. The theorem follows from Prop. 4. 12 combined with Cor. 4. 20. □ 

The following proposition, which follows from the same argument as in [24, Cor.3.26], would be useful 
to apply the adjunction formula in families. 

Proposition 4.22. Let z = (XjA) £ £{kj,w)-p be a non-Tip \ J-critieal classical point, and suppose 
unr(g®)'0p^, i(p)^“ 2 (p) 7 ^ 1 where := x<^wt\x)’ there exists an admissible open U of z in £{kj,w)p 
such that any point of U is nou-Ep \ J-critical. 

4.3. Local-global compatibility. Let p : Gal^ ^ GL 2 (£’) be a continuous representation such that 

(1) pp := pjcaip^ is semi-stable non-crystalline of Hodge-Tate weights h-^^ = ( "’" 2 ''+^ , 

for kcr £ 2Z>i and w & 21, with {a, qa} the eigenvalues of (p'^° on Dst{pp), Sc ■= Sc{pp) (cf. the 
discussion before Cor. 2. 3) the set of embeddings where Pp is critical, Sn '■= Sn{pp) = Ep \S'c and 
the associated Fontaine-Mazur £-invariants; 

( 2 ) {p,HliKP,Wik^^,w))) + 0 (in particular, p is associated to certain Hilbert eigen- 
forms) ; 

(3) p is absolutely irreducible modulo we- 

Note that, by the condition (2), p is unramified for places in S{KP). And by the Eichler-Shiinura relations, 
one can associate to p a system of eigenvalues Ap : JP E. Put ^(p) := Homcaip {p, A)), which 

is an admissible unitary Banach representation of GL 2 (F'p). One has 

7f(p) = Homoaip (p,n) = Homcaip 

The injection Ell^(K^,W{k^^,w))- ^ Hl^(KP,W{k^^,w))-^ induces an injection (e.g. see [23, 
Prop.5.1.3]) 

HUK^, Wik^^,w))p W{k^^,wY ^ H\KP, A)Q,_an, 
thus the condition ( 2 ) implies in particular ^(p) ^ 0 . 

By local-global compatibility in classical local Langlands correspondence (for £ = p, cf. [38]) and the 
isomorphism in Prop. 4.2 (1), there exists an isomorphism of locally algebraic representations of GL 2 (F'p): 

(37) St(a,/isp)®’'^^(P)iaig, 

with some r £ Z>i (note alg(h 2 p) — u;)'^ and thus St(a,h 2 p) — St unr(a)odet ®_ElT(fc 2 pi ■ 

The main result of this section is (see §3 for notations) 
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Theorem 4.23. (1) Let t £ Yip, then t € Sc if and only is a subrepresentation o/ 7 r(p). 

(2) The natural restriction map 

(38) HomGL 2 (Fp) (S(a,/lSp,£s„),7r(p)Qp_an) -^ HomGL 2 (F^) ( St(a,/l 2 p),F(p)Qp_an) 

is bijective. In particular, Y{a, h^^,Cg^) is a subrepresentation o/7r(p)Qp_an- 

By the same argument as in the proof of [24, Cor.4.7], we have 
Corollary 4.24. Let £fg £ E'^, then Y{a.,hY, ,£fs ) ® subrepresentation ofir^p) if and only if Cfg = 

Combining Cor. 4.24 and Thm.4.23 (1), we see 
Corollary 4.25. The local Galois representation Pp can be determined by f(p). 

Proof of the theorem 4-23. First note that we only need (and do) prove the same result with Tr{p) replaced 
by 11^’’=^'’. For S C Yp, a £ put := S \ {a}. Note the injection St{a,h^^) ^ 11 (^ 0 , 
gives a spherical classical point Zp = (xp, Ap) £ £’(^ 0 , w)-p{E) where Xp := )^b\ moreover, for any 

S C Yp, Zp £ £{kj,w)p{E). 

( 1 ) Let T £ Ep, and consider n(fc 2 T) ■^) a.nd £{k-^T ,w)-p. By [23, Prop.6.2.23] (and Lem. 4.4), 7);(a,^ 

n(fcs^ , (which is equivalent to I^{a,h-^^) ^ 11 ^^='’'^, since any latter morphism factors through 

n(fcs;,w) by Lem.4.4) if and only if (zp)^ = ((Xp)r.Ap) £ £{k^-r^,w)p. 

If (zp)): £ £{k^T ,w)p, by Cor. 4.17, r £ Y^^ = Sc, the “if’ part follows. 

Now suppose T £ Sc = E^, we first use Bergdall’s method [3] to show the weight map k : £{k-^T , w) —>■ 
yVi(k-^T)-p is not etale at Zp-. 

We only need to consider the case where £ (fc^^ j w)-p is reduced at Zp since otherwise, k is not etale at Zp 
(in fact, by the same argument as in [20, §3.8], one can probably prove that £{k^T , w)p is reduced at Zp). 
Take U to be an irreducible affinoid neighborhood of Zp in £{k 0 ,w)-p small enough such that Prop. 4.15 
holds. The composition 0{Ured) —>■ £{hY,-^^w)-p —>■ T gives a continuous character 5 : T{L) 0{Ured)^ 
(with Sjzi = A/””™). By [33, Prop.4.3.5], there exists (shrinking U if necessary) an injection of (<p,r)- 
modules over TZoiUred) ■= '^FpSQpC’(C7red): 

(39) ^ 0 (( 7 „d) (?i unr(g)) «—^ Drig (PC/red); 

moreover, the specialisation of the above morphism to any closed point in U is still injective. Let 
t : Speci?[e]/e^ —>■ 17red be an element in the tangent space of [/red at Zp, one deduces from (39) an 
injection of {p, F)-modules over TZE[e\/e'^ (where the injectivity follows from the fact that (39) specializing 
to Zp is still injective) 

(40) 7 ^B(e]/e 2 {t*5i unr(g)) '—^ Drig{t*pured)- 

Note t*S = Xp (mod e) and 71rig(t*pc/„d) is an extension of 71rig(p) by 71rig(p). Since Sjzi = 
wt(t*S) = ( fc<^-^-2 —ac-e, foj. (ac-)creSf, G E‘^ and thus the Sen weights of 71rig(t*P(7„d) 

are given by (^%^ + Ocre, _ a^g) . The map (40) induces an injection 

'R-Ele]/e^ '-5- Dcig{t*pu,,d) ®F[£]/e= i^F[e]/£2 ((t*dl Unr)^))"^) =: D, 
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where D is an extension of Drig(p) ^b(Xp,i by itself and has Sen weights ((1 — + 

2acre,0)^gj, . By the same argument of [14, Lem.9.6] (replacing the functor Ilcris(-) by Dst{-)), one can 
show 1 — fci- is a constant Sen weight of D, and hence Ot- = 0. Consequently, we see the composition 
Tured,zp T^Wi,K.(zp) ^Wi(fc).K(^p) zcro, where the Tx,x denotes the tangent space of X at a; for a 
closed point a; in a rigid analytic space X, and the first map denotes the tangent map induced by n. Thus 
the map 2^Wi(fej,T),K( 2 p) i® zero; however, since we assume £{k-^p,w)-p to be reduced at 

Zp, we see the induced tangent map ^ ^w)-,z t).k(z ) factors though the above zero map 

and thus also equals zero, from which we see k : £(k-^T , w)-p Wi(fcsx) is not etale at Zp. 

By Prop.4.10, Zp is not S^-very classical, and hence by definition, = I{{xp YJb^) is a 

subrepresentation of 11(^22 , which concludes the proof of Thm.4.23 (1). 

(2) We use the same arguments as in [24, §4.3]. The injectivity of (38) (with 7f(p) replaced by 
follows from the fact that Zp (as a classical point of £{kg^,w)-p) does not have S'-companion point for 
^ ^ S C Sn- Indeed, if (38) is not injective, by results on the Jordan-Holder factors of E(a, (c-S- see 
[12, Thm.4.1]), we see either F{a,h-^^) is a subrepresentation of 11^”='^, or there exists 0 ^ S' C S'„ such 
that I{{XpYs^b^) is a subrepresentation of which are both impossible since the locally algebraic 

representation F{a,h^Y can not be injected into by (37), and Zp is non-S„-critical hence S„-very 

classical by Cor. 4.20. 

Let h's^ := = hsp, ~ definition St{a,h^^) = St{a,h'gY 

W{kg^,wy, ^ T,{a,h'gJ(^EW{kg^,wy, x{a,hs^) = xiaA'sJxiksp^'^)^ a.ndE{a,h^^,£gJ ^ 

'S{a,h'g^,CgY W{kg^,wY (see Rem. 3.1 (2)). By Lem. 4.4, to prove 

HomGL2(Fj (S(a,/i£^,£s^),n^'’=^'>) ^ HomGL2(F^) (St(a, 
is surjective, it’s sufficient to prove the restriction map 

(41) HomGL.(F,) [noc,h!sp^.CsYMt{KYW{ks^,w))Z-l^ 

HomGL.(F,) ( st(a, h'sj, i^it(X^ Wikg^^wYf^Zlf) 

is surjective. 


It’s convenient to work with a “twist” of the eigenvariety S(fcs , w)-p'. as in §4.2.2, one can construct an 
eigenvariety £ together with a coherent sheaf Ad from the essentially admissible representation of T{Fp) 

(42) Jb {Hit {KY W{ks ^, ^c)) , 

such that 

r{£,M) - JB{Hlt{KYW{ks^,w))Y^l^^_y-, 

the natural morphism £ ^ T would factor through Ts„ (since (42) is locally Sn-analytic); moreover, by 
the isomorphism (33), one has a commutative diagram 


£ 


(xA)'-^(x'x(fcsr 
- > 


£{ks^,w)p 


( 43 ) 


TSr. 

1 

Wi.s„ 


x^x-xihs 



X^XYl^eSa 



T{kg^,w) 

1 

Wiikj) 
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where the upper and outer square are Cartesian. Moreover A4 equals the pull-back of A4 {kg ^, w) via the 
top horizontal map. Denote by Zp = (Xp,Ap) the preimage of Zp in £, where Xp = There 

exists an admissible open U of Zp in £ , w)-p satisfying 

• any closed point of U is non-S'ji-critical (Prop. 4.22), 

• {7 is strictly quasi-Stein (cf. [23, Lem.6.3.12], see [25, Def.2.1.17 (iv)] for definition), 

• r{U,M{kg^,'w)) is a torsion free 0(Wi(fc5^))-module (Prop. 4.6). 

Take U to be the preimage of U in £, which satisfies hence 

(1) for z = (x, A) G S' C C'(x) n Sn, Zg := {xg, A) does not lie in £, 

(2) U is strictly quasi-Stein, 

(3) r{U,M) is a torsion free 0(>Vi,s„)-module. 

The natural restriction map (which has dense image) r(S, A4) —> T{U,A4) induces (by taking the dual) 
(44) T{U,Mr ^ r{£,Mr = JB{Hl,{KP,Wikg^,w))5^^^^_J. 

Note by assumption r(W, is a locally Sn-analytic representation of T(Fp) equipped with a continuous 
action of TiP which commutes with T{Fp). By the adjunction formula in families [23, Cor.5.3.31] (note 

(44) is balanced by property (1) of U, see [23, Lem.6.3.14]; T{U,M.Y is allowable since U is strictly 
quasi-Stein, see [23, Ex.5.3.16]), (44) induces a GL 2 (Ep) x 77^-invariant morphism 

(45) nUMY ®E ^ Hlt{KYW{kg^,w))l]^^_^^. 


Let T G Sn, and Wi,s„(fc 5 T) denote the closed rigid subspace of Wi,s„ parameterizing characters 
moreover with fixed weights fco-—2 for cr G S^- Put £r := bVi,S„ Note z'p G £t for all r G Sn- 

Moreover, since £ is etale over Wi,s„ at z'p, £r is etale over kVi,s„(fc 3 T) at z'p. Let tr : SpecE[e]/e^ —>• £r 
be a non-zero element in the tangent space of £r at z'p, the composition tr '■ SpecE[e]/e^ £r ^ T 
thus gives a locally S'„-analytic character Xp_^ : T{Fp) —>■ (E[e]/e^)^ satisfying that Xp ,. = Xp (mod e), 
Xp.rl^i = 1: and Xp,r(Xp)"^ is locally r-analytic. 

Consider {t*AiY, which is a subrepresentation of T{U,AiY (since the restrcition map r{U,A4) 
t*Ai is surjective) of T{Fp) equipped with a continuous action of T-F . By the second part of Thm.4.21 
(note we have a similar result for (f, >Vi,s„) thus for {£r,yVi,Sn{ks-^)))’ have 

(1) there exists r such that {t*MY = (xp ,.)®’' as T(E'p)-representations, 

(2) {t*M.Y is a generalized Ap-eigenspace. 


The map (45) thus induces 


5-Y) 


—an 




Hi{KYW{kg^,w))_^^_^^. 


In particular, each vector not killed by e in (t*A4Y induces a morphism 


(Ind: 


B{F^) 


'v' 


HlYK^,W{kg^,w))l^^^^_J%^ = \p]. 
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Since x'p,T is an extension of Xp = x{PilLSn)^B by itself, one has an exact sequence 


■ B(Fp) 


xipA’sJ) 


Sn—an 


y S~ 


. 5n.—an 




xip^blsj) 


Sn — an 


0 . 


Let E,- := s ^(^F{a,h'g^))/F{a,hfg^). By the same argument as in [24, §4.3] (see in particular the 
arguments after [24, Lem.4.16]), we can prove the restriction map 


HomGL.(Fp) {^r,Hl,{KP,Wikg^,w))f^:^^) ^RomGL,ir,){Stia,hsJ,Hl,{KP,Wikg^ 


'H’’—Ap\ 


is surjective. However, by Prop. 4.26 below, one has E^ = T,{a,h'g^,Cr)- Thus for any r G the 
restriction map 


HomcL.(Fp) (S(a, h'g^ , , LfJt {K^, W{kg^, 

HomGL.(Fp) (St(a,h'sJ,iJit(if^lT(fcs^,n;))JJ:^";) 

is surjective. From which, together with Rem. 3.1 (4), we see (41) is surjective. This concludes the proof 
of Thm.4.23 (2) (assuming Prop. 4.26). □ 


Proposition 4.26. Keep the notation as in the proof of Thm.4--23, there exists a locally r-analytic 
character ifr such that 

v' logr,-£,(arf"^)+V'r(ad) 

Xp,T\Xp) I g 2^ 

as (2-dimensional) representations ofT[Fp). Consequently (by Rem. 3.1 (3)), E,- = Ti(a,h[g^,Cr). 


The rest of the paper is devoted to the proof of Prop. 4.26. Note the image £( of £r in £{kg^,w)p is an 
one-dimensional rigid space containing £{k-^T , w)p as closed subspace. Since both £( and £{k-g,T , w)-p are 
etale over Wi(fcsx) at Zp, and have the same residue field E, we see they are locally isomorphic at Zp. 

In particular, the composition Specii'[e]/e^ £r —>■ £{kg^,w)-p gives a non-zero element in the tangent 
space of £{k^-r,w)-p at Zp, still denoted by F ■ Speci?[e]/e^ —>■ £{k-^.r ,w)p, moreover it’s straightforward 
to see (e.g. by (43)) the character of T{Fp) induced by this map is given by Xp,t := x'p^rXihsa^'PP)- Note 
Xp.T-Xp ^ = x'p,t{x'p)~^■ Since Xp.rXp^ is locally r-analytic, there exist r] G E, p, G such that (cf. 
§1.3.1) 

XXp ^ = (1 + XeV’ur + pef(r,p) 0 (1 -f petfjur - pe'ipT,p)- 

It’s sufficient to prove 

(46) 1 -11 = -2Crp. 

Indeed, if (46) holds, we get 

XprXp ^ = (1 -I- pei-Cr-lpui + Ipr.p) + ^^V’ur) 0 (l “ pe{-Cr 1 pnr + 1 pT,p) + ^^V’ur) 

= (1 + log^,-£, e + ^rc) 0 (1 - log^,-£, e + V’re), 

with ipr = from which Prop. 4.26 follows. 

Zfl 

We show (46). Let U be an affinoid neighborhood of Zp in £{ktjf,w)-p small enough such that Prop. 4.15 
applies, we have thus a continuous representation pu : GuIf —>■ GL 2 ((!l(t/red))- 

Non-critical Case: Suppose Sn = E^, i.e. z is non-Ep-critical. By Prop. 4.22, shrinking U, we can 
assume any closed point in U is non-Ep-critical. Let Ur be the preimage of U in £(k^r,w)-p (via the 
natural closed embedding £{k^r,w)-p =>■ £ik 0 ,w)p) , since Ur is etale over Wi^k-^-^) at Zp, shrinking Ur, 
we can assume Ur is a smooth curve. Let pUr '■ GuIf —>■ Gh2{0{Ur)) be the representation induced by 
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Pu, Xu-r ■ TIL) — 0(Ur)^ be the character induced by the natural morphism Ur —>■ Tik-^r , w). Applying 
[32, Thm.6.3.9] to -Drig(pc/^.p) with pur,p •= Pc/^lGaipp (see Thm.4.16, note E^/ = 0 for all z' S Ur by the 
assumption on [/], we get an exact sequence 

0 —>■ '^0(C/^)(unr(g)x(7T,l) —-Drig(P(7T,f3) ->'^C>((7 t)(X(7x. 2 cr 0, 

which induces (where pr^p '■= t%pur\p '■ Gal^p —GL 2 (i?[e]/e^)) 

0 nE[e]/e'^{'a'ai{q)Xp,r,l) E>rig(pr.p) ^ nE[e]/{Xp,r ,2 n 

G^Yip 


Thus, (46) follows from Thm.2.1. 

Critical case: Assume henceforth Sc ^ 0- We shrink U such that the Prop. 4.18 applies, so Ze^g (if 
non-empty) is a Zariski-closed subset in U for any a € Ep. We know z G Z^^a if and only if cr € Sc- 
By shrinking U (as a neighborhood of z), one can assume Zu^a = 0 for cr G -S'„. Let t G Sn, Ur he the 
preimage of U in £{k^r ,w)-p, and shrink U such that Ur is a smooth curve. Let Zu^^g the preimage 
of Zu^G in Ur-, which is a non-empty Zariski-closed subset for a G Sc, whose dimension is either 0 or 1 
locally at 2 . Denote by S'o (resp. ^i) the subset of Sc of embeddings a such that Zu^,a is of dimension 0 
(resp. of dimension 1) locally at Zr- By shrinking U (and thus Ur, note Ur is smooth), one can assume 
^Ur,(T = {^t} for a G So and Zjj^^g = Ut{E) for a G Si- We define Pur,pj XUr^ Pr,p the same way as in 
the non-critical case. 

Critical case (1): Suppose Sq = 0. In this case, for any z G Ur, E^, = Sc- By applying [32, Thm.6.3.9] 
to Drig{pur,p), we get 

0^7^c)([7^)(unr(g)x[/^p D,ig^{pu,,p) ^'Ro(Ur){xUr,2 H 11 ^ 

G^Sc. G^Ylp G^Sc 


which induces 

0 ^ 7e£;[,]/,2(unr(g)Xp,^,l ^ Drig{pr,p) -i' 'R.Ele]/e^{Xp,r,2 Jl 11 

G^Sc G^Yp G^Sc- 


On the other hand, by Prop. 4.15, pr,p is E^-de Rham. We can hence apply Thm.2.1, and (46) follows. 

Critical case (2): Suppose Sq ^ 0. By assumption, for z G Ur{E), z ^ Zp, E^ = C 5^ = S'o U S'!. 
By [32, Thm.6.3.9] (see in particular [32, (6.3.14.1)]) applied to Di-ig{pUr,p), one gets an exact sequence 

(47) 

0 7^O((70(unr(g)xc/,.i ^ Dng{pu,p) ^'R.o{Ur)ixUr,2 H cr"^ cr'=-“i) ^ Q-J> 0 

o-eSi o-gEjo o-gSi 

where Q is a finitely generated 7?.c)((7^)-module killed by certain powers of t (g TZe) and is supported at 
Zp. Tensoring (47) with A[e]/e^ via tr, one gets exact sequences (see [32, Ex.6.3.14]) 

(48) Dng{pr,p) ^nE[e]/c^{Xp,r,2 H Cr"^ Cr'''''"^) - > Q'Zo{Ur),tr E[e]/e^ -5-0, 

G^Yip G^S\ 


0—S> 7^i^[,]/e2(unr(g)xp,r,l H — >Ker{f). 

gGSi 
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For simplicity, put 


(5 = (5i (8i 1^2 

:= (unr(g)xp,r,i 



i5 = (5i (8) 1^2 

:= (unr(9)xp.i H 


(7^Sl 

d' = di 8 

:= (unr(g)xp,r,i cr^~ 


(T^Sc 

d' = dj ® ,5' 

:= (unr(g)xp,i 


(tGSc 


(T^Yjp (T^Sx 


o-GEg, (tGSi 


<7^Sc 


(T^Sta (T^Sc 


and note S' is the trianguline parameter of Pp. 


We see Ker(/) and Im(/) (cf. (48)) are ((/?, r)-inodules over TZEie]/e'^ (i-e. ((p, r)-modules over TZe 
equipped moreover an .^[ej/e^-action commuting with TZe, note that such modules may not be free over 
TZE[e]/e^)- Denote by /o the map Drig{pp) —>■ TZe{5-^ induced by (47) via the pull-back z*, one has a 
commutative diagram (of (tp, r)-modules over TZe) 


0 !■ Di-ig(Pp) Drig(pp) > Dj;ig(Pp) > 0 

*1 '1 _ '"1 

0 -)■ TZe(S2) - - -^ '^El£]/e^(^2) - > TZe(S2) - 0 

which induces thus a long exact sequence 

0 —>■ Ker(fo) —>■ Ker(f) —>■ Ker(fo) —>■ Q ®o{u.r),zp E ^ Q E\i\li^ —> Q ®o{u.r),zp E ^ 0. 

By discussions in [32, Ex.6.3.14], one has (where we refer to [32, Not.6.2.7] for the to-’s) 

Ker(/o)^7^£;(^(), Im(/o) ^ 7^B(<5'), Q (T^o(u^),zp E ^ TZe{Si)/[ *^”0’ 

treSo 

thus there exist G Z, 0 < ro- < —1 for all a G Sq such that Im(s) = TZe{Si) where d" := 6[ IlcrGSo ' 

However, since Ker(/) is a saturated sub-((p, r)-module of D^ig{pr^p), and the latter has Sen weight of 
the form (—+ a„e, we see = 0 or — 1 for a G Sq. 


One has a natural isomorphism (translating these in terms of E-H-pairs, one can check this isomor¬ 
phism by the same argument as in the proof of Lem. 1.13) 

Ext\TZEiS[),TZE{S[)) ^ Ext^ {TZe{S'{),TZe{6[)). 

We claim [Ker(/)] equals (up to scalars) the image of [72._B[e]/£2((5i)]: Indeed one has isomorphisms 


(49) Ext^(7^£;(di),7^£;((5;)) Ext^ (7^£;(,5"), 7^£;(dl)) 

^ Ext^ {TZe{Si),TZe{S[)) ^ Ext^ (7^i^(dl),7^£(dl)). 


The composition i in (49) actually sends [77.£;[e]/£2(i5()] to [lZE[t\/e'^{^i)\ (up to scalars), since both 
i{\TZE[ii\/t^{'^i)]) and \TZE[f.\/G‘[bi)] fit in the following commutative diagram (with the maps on the 
left and right sides being the natural injections) 


0 -^ TZe{5i) -^ 


-s- 77 ._e(^i) 

1 


TZE[e]/e'^{5[) 
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> 0 


> 0 


0 


> TZe{5[) 


> TZe{5[) 




















on the other hand, since 'Ti-E[t\/e^{^i) ^ Ker(/), one sees the composition of the last two morphisms in 
(49) sends [Ker(/)] to \K.E[t]/e^{5i)] (up to scalars), the claim follows. 

Similarly, Im(/) lies in an exact sequence of (v?, r)-modules over TZe'- 

0 —s- TZe{^2) Iui(/) —>■ TZe{S2) 0 

with 62 = 62 no-eSo ^ that the natural isomorphism 

Extl(7^£;((5'),7^£;(5')) ^ Extl(7^£;(<5'),7^£;(,5")) 

sends [TZE[e]/(.‘^(S 2 )] to Im(/). 

Claim: There exists a (<p, r)-module D free of rank 2 over TZE[e]/e^ such that 

(1) D lies in an exact sequence of (tp,r)-modules over TZE[e]/e‘^'- 

0 'TlE[f]/e^{^'l) D ^ 'T^E[f]/e^{^ 2 ) 0^ 


(2) D = Drigipp) (mod e); 

(3) D is S'c-de Rham. 

Assuming the claim, since i5((^2)~^ = + (7 ~ ^)e^ur + 2/ieV'r,p), one can deduce again from 

Thm.2.1 that 7 —?? = —2CrP (46). In the rest of this section, we “modify” f7rig(pv,p) to prove the claim. 

The natural morphism of (t/j, r)-modules over TlE[e]/e^' T^El<L]/e^{S 2 ) ^ Iur(/) induces a morphism 

Ext^(Im(/),Ker(/)) —^ Ext^ (7^£;[,]/e2 (J^,), Ker(/)) 

(here Ext^ denotes the group of extensions of (</?, E)-modules over TZE[e]/e^)- Denote by D' the image of 
Drig(j>T,p) via this morphism. In fact, D' is just the preimage of 7^£;[e]/e2(<50 C Im(/) via the natural 
projection Diig(j)r^p) -» Im(/). The natural morphism of (1,5,r)-modules over TZEle\/e^- Ker(/) ^ 
TLE[f\/e'^{5'i) induces a morphism 

Exfi (7e^5[,]/,2(?'),Ker(/)) ^ Ext^ (7^i^[,]/,2(5'),7^^^H/,2(?()), 
let D be the image of D' via this morphism. We check D satisfies the properties (2) and (3) in the claim. 

We have a commutative diagram 

0 -^ Ker(/) -^ D,ig{pr,p) -^ Im(/) -s> 0 



0 -^ Ker(/) -^ Drig{pr,p) -^ Im(/) -s> 0 

which induces a long exact sequence 

(50) 0 ^ nE{5[) ^ Drig(p) ^ n{5'') ^ UEiS'l) © (uEiS'^)/ n C'') 

o-eSo 

^ Drig(p) ^ nEiS' 2 ) © (7^^;((5D/ n C') ^ 0- 

o-eSo 

For a (tp,r)-module D" over 'R-E[(\/t‘^: denote by D"[e] the kernel of e which is a saturated (</5,r)- 
submodule (over TZe) of D". One sees the natural morphism D' ^ T)rig(pr,p) induces an isomorphism 
£)'[e] = Drig(pr,p)[e] = Aig(pp). Indeed, one gets an injection D'[e] ^ D,:ig{j)r,p)[e]^ on the other hand, 
by (50), the image of Drig(/5v,p)[e] ^ DrigipT,p) Ini(/), which equals Im(r), is contained in TZE[e\/e'^ (<^2)) 
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thus £>rig(Pr,p)[e] C D' SO D,:ig{pr^p)[e] C D'[e], from which one gets the isomorphism. The ((/?, r)-module 
D'/D'\e] sits in an exact sequence 

0 ^ TIe^S'O D'/D'[e] 7^£;(^2) ^ 0 

and is a submodule of i?rig(pT,p)/-Di.ig(pr,p)[e] — D^ig{pp). By the construction of D, one gets a natural 


morphism D' ^ D which induces an isomorphism Rrig(pp) = D'[e 
injection D'/D'[e] ^ D/D[e]. One gets commutative diagrams 

^D[e] 

= Rrig(pp), and thus an 

0 -^ TlEid'l) 

-, D'/D'[e] -^ UEid'^) - 

-A 0 

(51) 1 

1 



0-^ nE{5[) 

-^ R* -^ TIe{5'^) - 

-A 0 


for S {D/D[e], Drig{pp)} (for D/D[e], this follows from the construction of D] for Drig(Pp), this 
follows from the construction of D' discussed as above). So D/D[e] = Drig(Pp) (which are both equal to 
the image of D'/D'[e] via the natural morphism Ext^(7?.£;((52),7?._E((5")) —Ext^(7?.£;((5Q,7^£;((5())), the 
property (2) follows. 

To show D is S'c-de Rham, one needs only to prove D' is ^c-de Rham since D' is a ((/?, r)-submodule of 
D with the same rank. Since D' is a ((/3, r)-submodule of Tlrig(Pr,p), by the equivalence of categories of 
R-pairs and ((/j, r)-modules ([5, Thm.2.2.7]), one gets an injection W{D') ^ bE(7)rig(pT,p)) of E-R-pairs 
where W[D") denotes the associated R-pairs for a ((/?, T(-modules D”. Since D' and Dng{pr,p) are both 
of rank 4 (over TT-b), one sees W{D')dK ^ W{DT:ig{pr,p))dK- Since Aig(p^r,p) is S'c-de Rham, so is D'. 
This finishes the proof of the claim and thus (46) in So ^ 0-case. 


Appendix A. Partially de Rham trianguline representations 

In this appendix, we study some partially de Rham triangulable E-R-pairs, and show that partial 
non-criticalness implies partial de Rhamness for triangulable R-R-pairs. As an application, we get a 
partial de Rhamness result for finite slope overconvergent Hilbert modular forms. 

Let Fp be a finite extension of Qp, T,p the set of embeddings of Fp in Qp, Gal^j, := Gal(Qp/Rp), E a 
finite extension of Qp sufficiently large containing all the embeddings of Fp in Qp. Let x be a continuous 
character of F^ over R, recall that we have defined the weights (wt(x)cr)CTeSp G of x (cf. §2); in 
fact, (—wt(x)iT)creEp are equal to the generalized Hodge-Tate weights of the associated R-R-pair Be(x) 
(cf. [34, Def. 1.47]). 

Lemma A.l. Let x he a continuous character of F^ over E, for a € Ep, Be{x) *5 er-de Rham if and 
only z/wt(x)cr S Z. 


Proof. The “only if’ part is clear. Suppose now wt(x)cr G Z, by multiplying x by and then an 

unramified character of R^ , one can assume that x corresponds to a Galois character x : Galj’p 
and wt(x)cr = 0. In this case, by Sen’s theory, one has Cp^o- ®e X — ^p,cr as Gal^p-modules (since x is of 
Hodge-Tate weight 0 at tr). Consider the exact sequence 

0 ^ (tB+n,. ^ (R+,_^ ^ (Cp.. ^ H\GBlE,,tB+^^^ 0^ x), 

it’s sufficient to prove H^{Ga\E^,tB^^ ^®ex) =0- For * ^ Z>o, we claim F[^ (Ga\F^,P^^ B^^ ^®ex) 

F[^{G'aIf^tPB'^^ ^ Gie x) is an isomorphism: one has an exact sequence 

(Cp_ct(*)0ex)^'^*^*’ F7^(Gali?p, t*^^R^]^^^0BX) F[^{Ga\.F^,t''B'^^^^^ ex) R^(Gali?p, Cp_cr(f)0Ex)) 
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since Cp^o- ( 8 ie X — ^p,<t, the first and fourth terms vanish when i > 1. We get thus an isomorphism 

ctGex) forn » 0 , from which we deduce B^ (Galp^, tB^j^ 

x) = 0. □ 

Definition A.2 (cf. [33, Def.4.3.1]). Let W be a triangulable E-B-pair of rank r with a triangulation 
given by 

(52) 0 = Wo C Wi C ■ ■ ■ C Wr-i C W^ = W 

with Wi_|_i/Wi = B^ixi) for 0 < i < r — 1 where the Xi’s are continuous characters of in . For 
a £ Sp, suppose wt(xi)cr £ Z for all 0 < i < r — 1, W is called non a-critical if {note the generalized 
Hodge-Tate weight of BE{xi) at a is — wt(xi)o-) 

wt(xi)^ > Wt(x2)<7 > • • ■ > Wt(Xr)<T; 

for 0 7 ^ J C Ep, suppose wt(xi)(T £ Z for 0<i<r — l,a£j, then W is called non J-critical if W is 
non a-critical for all a € J. 

Proposition A.3. Keep the notation in Def.A.2, let^^JG Ep, suppose W is non J-critical, then W 
is J-de Rham. 

Proof. It’s sufficient to prove if W is non-cr-critical, then W is tr-de Rham for a € J. Let a G J, we 
would use induction onl<i<r—1: by Lem.A.l, Wi is cr-de Rham; assume now Wi is cr-de Rham, 
we show Wi+i is also cr-de Rham. Note [W^+i ] £ Ext^ (Wi,R£;(x*+i)), let WI := Wi ® Be{x7+i), 
:= Wi+i < 8 ) BE{Xi+i)^ t>y Lem.A.l, W^+i is tr-de Rham if and only if W'^^ is tr-de Rham. One 
has [W/_|_j] £ iL^(GalFp, W/). On the other hand, since wt{xj)a > wt(xi-i-i)cr for 1 < j < f, we see 
iL°(Gali.p,(Wt')+^_^) = 0, thus by Lem. 1 . 11 , Hl^{Ga\F^,WI) ^ H^{Ga\E^,WI). So W/^^ is tr-de 
Rham, and the proposition follows. □ 

Example A.4. Let xlt : GaW^ —>■ be a Lubin-Tate character, a : Fp ^ E, and consider 

H^{Ga\Fg,,o' o Xlt)- By Prop. A.3, any element in H^(Ga\Fp,a o xlt) is a-de Rham, which general¬ 
izes the well-known fact that any extension of the trivial character by cyclotomic character is de Rham. 
In fact, suppose Fp ^ Qp, using (1), one can actually calculate: dim^ j(Gali^’^, ctoxlt) = • 


Partially de Rham overconvergent Hilbert modular forms. Let E be a totally real number field 
of degree dp, E^ the set of embeddings of E in Q, w £ Z, and k^y £ Z> 2 , ka- = w (mod 2) for all tr £ ’Ef- 
Let c be a fractional ideal of F. Let h be an overconvergent Hilbert eigenform of weights (fc, w) (where 
we adopt Garayol’s convention of weights as in [17])), of tame level N {N > 4, p f N), of polarization c, 
with Hecke eigenvalues in E (e.g. see [1, Def.1.1], where E is big enough to contain all the embeddings 
of F in Qp). For a place p of F above p, let Op denote the Gp-eigenvalue of h, and suppose Cp 7 ^ 0 for 
all pjp. Denote by ph : GaliT- —>■ GL 2 (F) the associated (semi-simple) Galois representation (enlarge E 
if necessary) (e.g. see [1, Thm.5.1]). For pjp, denote by ph,p the restriction of pu to the decomposition 
group at p, which is thus a continuous representation of Galfg, over E, where Fp denotes the completion 
of F at p. Let Up : Qp QU{-|-oo} be an additive valuation normalized by Vp{Fp) = ZU{-|-oo}. Denote 
by Ep the set of embeddings of Fp in Qp. This section is devoted to prove 

Theorem A. 5. With the above notation, and let % ^ J Q Ep. 

(1) If Vp{ap) < infcrgj{fccr - 1} + So-eSp '"" 2 "''"^ ^ Ph,p *■? J-de Rham. 

(2) Ifvp{ap) < X]crej(^'^ “ ■l"ScrGi:p ) then there exists cr £ J such that ph,p is a-de Rham. 

Remark A. 6 . This theorem gives evidence for Breuil’s conjectures in [11] (but in terms of Galois rep¬ 
resentations) (see in particular [11, Prop.4.3]^. When J = Ep (and Fp unramified), the part (1) follows 
directly from the known classicality result in [42] . 
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One has as in Prop. 4.16 

Proposition A.7. For p\p, ph^p is trianguline with a triangulation given by 

0 —>■ Be{Si) —>■ W{ph,p) —>■ Be{52) 0 , 

with 

|(5i = unrp(ap)naeE^ , 

\(52 = unTp{qpbp/ap) cr-"^ 

where unrp(z) denotes the unramified character of sending uniformizers to z, qp := with fp the 
degree of the maximal unramified extension inside Fp (thus Vpfqp) = dp, the degree of Fp overQp), and 
Hfi is a certain subset of Yip. 

Proof. Consider the eigenvariety £ constructed in [1, Thm.5.1], one can associate to h a closed point zt in 
£. For classical Hilbert eigenforms, the result is known by Saito’s results in [38] and Nakamura’s results 
on triangulations of 2-dimensional semi-stable Galois representations (cf. [34, §4]). Since the classical 
points are Zariski-dense in £ and accumulate over the point Zf, (here one uses the classicality results, e.g. 
in [7]), the proposition follows from the global triangulation theory [32, Thm.6.3.13] [33, Thm.4.4.2]. □ 

Since W{pp) is etale (purely of slope zero), by Kedlaya’s slope filtration theroy ([31, Thm.1.7.1]), one 
has (see also [34, Lem.3.1]) 

Lemma A.8. Let Wp be a uniformizer of Fp, then Vp{di{mp)) > 0. 

Proof of Thm. A.5. By the above lemma, one has Vp(ap) > Thus for 0 

J C Ep, iivpiap) < inf<.ej{fc,,-l}-bX:,.6s^ w-k^.+2 “ 1)+EaeSp 

then J n = 0 (resp. J ^ S/i) and thus ph,p is non-J-critical (resp. there exists cr a J such that ph,p is 
non-cr-critical) (note \ E/j is exactly the set of embeddings where ph,p is non-critical). The theorem 
then follows from Prop. A.3. □ 

We end this section by (conjecturally) constructing some partial de Rham families of Hilbert modular 
forms as closed subspaces of £ ([1, Thm.5.1]). For p\p, denote by Wp the rigid space over E parameterizing 
locally Qp-analytic characters of O^. One has a natural morphism of rigid spaces Wp y !->■ 

(wt(x)CT)crGi:g,- For J C Ep, S Z for cr S J, denote by Wp{kj) the preimage of the rigid subspace 
of defined by fixing the cr-parameter to be for a G J. Let Wo denote the rigid space (over 

E) parameterizing locally Qp-analytic characters of Z^ . Recall (cf. [1, Thm.5.1]), one has a natural 
morphism k : £ -^ riplp Wp X Wo (where the right hand is denoted by W*^ in loc. cit.), mapping each 
point of £ (corresponding to overconvergent Hilbert eigenforms) to its weights. 

Now fix p\p, 0 C J C Ep, w £ Z, and k„ £ Z> 2 , k^ = w (mod 2) for all a G J. Consider the closed 
subspace 

Wp(fcj) X Wp- Wp X n wc ^ n ^ 

p'Ip p'Ip p'Ip 

pVp pVp 

where the last map is induced by the A-point {x x^) of Wo. Denote by £{kj,w)' the pull-back of 
Wp(Aj) X J][ p/|p Wp' via K, which is a closed rigid subspace of £ consisting of points with fixed weights 
pVp 

ka- for a G J and w. Let £{kj,w) be the Zariski-closure of the classical points in £(kj,wy. 

Conjecture A.9. Keep the above notation, let z G £{kj,wy{E), suppose the associated GsIf- representation 
Pz is absolutely irreducible. Then z G £{kj,w){E) if and only if Pz,p '■= Pzlcaipp J-de Rham. 
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